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1. Introduction 


In the museums of Europe will be found exhibited specimens of ancient 
glassware excavated from archeological sites and distinguished by a very 
beautiful iridescence. Nearly a century ago, Sir David Brewster (1840, 
1859, 1860, 1864) examined and described specimens of such glass. Accord- 
ing to him, the iridescence of glass which has suffered decomposition is due 
to its lamellar structure ; in other words, the material is an ensemble of thin 
films optically distinct from each other. In consequence of this structure, 
it exhibits a large reflecting power, presenting vivid colours both by reflection 
and by transmission, these being complementary. Brewster noticed that 
only rarely do the laminze possess specularly reflecting surfaces; in many 
cases their surfaces are rough due to the presence of a large number of small 
cavities which may lie separate or run into each other ; in other cases again, 
according to him, the films are covered with concentric stratified structures 
presenting between crossed nicols the phenomenon of a black cross. 


Brewster's explanation of the iridescence of ancient glass appears to 
have been accepted without question by all subsequent observers. Consi- 
derable interest naturally attaches to the question why the glass acquires 
with time a laminar structure which in its normal state it does not possess. 
It is a matter of common knowledge that glass under prolonged exposure 
to wind and weather or to the action of suitable chemical reagents often 
acquires a superficial iridescence, and attempts have not been lacking to 
accelerate this process of attack and thus to reproduce experimentally some 
of the structures observed and described by Brewster in ancient glass. 
Some remarks on earlier attempts in this connection will be found in an 
interesting note by M. Marcel Guillot (1934) who has shown that when 
a saturated solution of sodium bicarbonate is kept in contact with a surface 
of alkaline glass for some weeks or months, marked iridescence results ; 
he suggests that such iridescence is due to the formation of stratified films 
by a chemical process analogous to the Leisegang phenomenon. 


It should be remarked that Brewster’s views regarding the structure 
and optical characters of iridescent glass are not altogether free from 
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obscurity. The refractive index of the decomposed material presumably 
differs little from that of the original glass. Assuming this to be the case, 
it is not easy to understand how the coloured reflections arise. If in order 
to explain the optical effects, we postulate the existence of thin films of air 
separating the decomposed layers of glass from each other, it is not under- 
stood why the films are actually adherent to each other and to the glass, 
and why they exhibit in many cases a remarkable uniformity of colour and 
brightness over considerable areas. If, on the other hand, we assume that 
the cementing material is some solid substance, it would be necessary that 
its refractive index should be considerably higher or lower than that of glass, 
in order that sensible reflections should result ; moreover, such an assumption 
would be difficult to reconcile with the astonishing rapidity of penetration 
of a liquid such as water or alcohol into the decomposed glass, and the equal 
facility with which it can evaporate and leave the iridescence unaffected. 


For the reasons remarked above, it appeared to us worth while to re- 
examine the subject with a view to clarifying the position. The investi- 
gation was taken up in spite of the fact that we had at first no archeo- 
logical material available ; the impulse to study the subject arose from the 
observation that specimens of decomposed glass of no great age picked up 
from the ground often showed beautiful effects when examined under the 
Leitz ultra-opak microscope. In this instrument, the illuminating beam 
has the form of a hollow cone which is reflected downwards and converges 
on the surface of the object. If the axis of the cone is normal to the surface, 
we have “ dark field’’ illumination, the surface becoming visible by reason 
of the light scattered or diffracted by it. On the other hand, by suitably 
tilting the plate of glass, it is possible to arrange that the light “ regularly 
reflected ’’’ by its surface enters the microscope, in which case, we have the 
ordinary or “ bright field’’ observing conditions. ‘These arrangements are 
specially suitable for the study of the structures produced in glass by its 
decomposition. The photomicrographs illustrating the paper (Figs. 1 to 30) 
were taken with the Leitz ultra-opak microscope and exhibit various types 
of structure observed in the course of this study. It should be mentioned 
that examination by transmitted light in the ordinary form of microscope 
is also useful in many cases, particularly if high powers are to be employed 
or when it is desired to work with polarised light. 


2. Structures in Iridescent Glass 


As was remarked by Brewster, the structures observed in decomposed 
glass are of rather varied type. In the present investigation, several dis- 
tinct forms have been observed which give characteristic optical effects. 
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These may be listed as follows :—(a) cavities ; (b) films without boundaries ; 
(c) films with sharply defined boundaries; (d) films scattering light ; (e) 
films with cavities, and (f) dark areas. 

Cavities.—Small cavities with a circular outline are very common in 
decomposed glass. When seen by diffracted light, these appear as luminous 
circles surrounding a dark area. ‘The manner in which such cavities are 
formed in decomposed glass is made beautifully clear by a study of some 
plates of dark-blue glass which were picked up at the site of an extinct glass 
factory at Ennur near Madras. The plates exhibit by reflected light a 
large number of white circular spots of varying size on a dark ground ; the 
spots in some areas are so close together as to form a continuous white film 
covering the blue glass. The individual white spots on careful examination 
are seen to consist of a number of concentric rings, the central region where 
the material is thickest being white, and the margins which are thinner 
showing traces of colour in the rings. The white material, though strongly 
adherent to the plate, can be removed by applying sufficient force ; when 
it comes off, it leaves behind a hollow cavity exhibiting a number of concen- 
tric circular rings within its area, these being in many cases vividly coloured. 
The depth of the cavity formed by the removal of the white material is 
indicated by the difference in microscopic focus between top and centre 
which becomes evident after such removal. The circular rings are the step- 
like walls of the cavity which correspond to the diminishing diameter of the 
successive laminze in the decomposed material, the number of such laminz 
being greatest at the centre and least at the margins of the cavity. These 


lamine in the material removed appear to run more or less parallel to the 
surface of the glass plate. 


Figs. 1 and 2 in Plate IV and Figs. 3 and 4 in Plate V illustrate the 
foregoing remarks, the white patches with indistinct rings being the material 
produced by the decomposition of the glass, and the concentric rings with 
dark centres being the cavities formed by its removal. Figs. 3 and 4 are 
photographs of multiple cavities, the latter being on an enlarged scale ; 
it will be noticed how the rings surrounding neighbouring cavities join up 
sharply at their points of intersection. Figs. 5 and 6 in Plate VI show 
cavities with comparatively few rings. Fig. 7 in Plate VII exhibits numer- 
ous small cavities, while Fig. 8 in the same plate shows a large number of 
such cavities forming a continuous area. 


Examination of the cavities and of the material removed therefrom by 
transmitted light under a Ingh power microscope confirms the structure 
and the manner of formation described above. The high powers of the 
microscope reveal a large number of fine edges running round the walls of 
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the cavities, and it is seen that these walls are laid out in step-like terraces. 
Seen by transmitted light between crossed nicols, the walls of a cavity 
appear as an array of concentric dark and bright circles traversed by a 
black cross. ‘These effects arise from the fact that a laminar diffracting edge 
which is not parallel or perpendicular to the electric vector in the light 
incident on it gives rise to elliptic polarisation (Raman and Rao, 1927). 
Brewster described certain structures in decomposed glass which he consi- 
dered as similar to the concentric spherical laminations of a pearl or an 
onion and which he found to exhibit a black cross in polarised light between 
crossed nicols ; this phenomenon he ascribed to the results of oblique trans- 
mission of light through a pile of plates. This, however, is a different 
phenomenon ; on the other hand, Brewster’s descriptions of some of the 
structures exhibiting a black cross between crossed nicols agree so closely 
with those illustrated in Figs. 1 to 4 of the present paper that we are 
obliged to assume that he was really observing the same phenomena as 
that described above. 


Films without Boundaries.—The general appearance of iridescent glass 
and in particular, the intensity and hue of the colours exhibited by it and 
the distribution of the same on the surface depend greatly on the particular 
sample under study and the treatment it has undergone. We must in this 
connection distinguish between the effects noticed in the earlier stages of 
decomposition and in the later stages where the decomposition is far advan- 
ced; the difference has also to be remembered between the cases in which 
the surface is untouched and those in which the underlying iridescent films 
have been exposed by removal of the upper layers containing the decomposed 
material. The type of iridescence referred to under the present sub-head- 
ing appears to belong to the earlier stages of decomposition ; its distinguish- 
ing feature is that there are no sharp boundaries dividing the differently 
coloured regions. This type of film is illustrated in Fig. 9 in Plate VIII, 
Fig. 11 in Plate IX and Fig. 16 in Plate XI. It will be seen that, except 
for a few detached patches, the variations of intensity over the surface of 
the plate are more or less gradual. 


Films with Sharply Defined Boundaries.—In sharp contrast with the 
foregoing type of iridescence, we have the discontinuous distributions of 
colour in map-like patterns illustrated in Fig. 10 in Plate VIII and Figs. 13 
and 14 in Plate X. This is a common type of structure and is to be found 
sometimes even in the earlier stages of decomposition. Its characteristic 
features are a strict uniformity of colour and brightness over each “ area’”’ 
in the “map” and a sharply defined boundary limiting each such area. 
Further, the brightness and colour of the different areas is very varied, 
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ranging from the darkest tones to the brightest and from the most satu- 
rated hues to the palest. There can be no doubt that this type of irides- 
cence is due to a laminated structure bounded by sharp edges ; the uniform- 
ity of colour and brightness over each “‘ area’ in the “‘ map ”’ indicates that 
the lamineze are of uniform thickness and solidly adherent, and not loose 
formations separated by air films. Indeed, any tendency to separation of 
the laminz by air films is revealed by a variation of colour over each “ area ”’ 
and in some cases even by a succession of colours of the Newton’s rings 
type appearing within it. For instance, we notice that Fig. 12 in Plate 
IX clearly reveals the presence of a film of air of variable thickness between 
the lamine. Fig. 15 in Plate XI is specially interesting as it shows the 
extreme sharpness of the boundaries of colour, which in the photograph are 
recorded as laminar edges on a dark field by reason of the light diffracted 
by them. Fig. 13 in Plate X is also of interest, as it exhibits detached areas 
of iridescence showing the luminosity at the edges due to diffraction, as also 
the reflection and scattering of light by the film itself against a background 
of undecomposed glass. 


Films Scattering Light.—The fact that in Fig. 15, the edges of the 
iridescent area are seen as luminous lines diffracting light while the film 
itself is invisible, shows that it is possible to obtain films which reflect without 
appreciably scattering light. In general, however, the surface of decomposed 
glass scatters light rather strongly ; the intensity of such scattering varies 
greatly and depends both on the nature and extent of the decomposition of 
the surface and the treatment it has undergone. With certain exceptions, 
the films which scatter most light usually reflect the least light and display 
the feeblest iridescence ; per contra, the films which reflect the most light 
and display the most vivid iridescence generally scatter the least amount 
of light. As a consequence of this, it will be noticed that when the surface 
is held at the proper angle to reflect the light, the iridescent areas are the 
brightest and the scattering areas are the darkest ; when the plate is turned 
away from the correct angle, the iridescent areas are dark and the scattering 
areas are bright. It is also noticed that the parts of the films which are 
seen to scatter most light by this rough test are those in which the decom- 
posed material which is usually white remains still adherent to the glass ; 
when this is removed, the iridescent reflections become more prominent. 
It may be presumed that the scattering of light by the films is due to the 
optical heterogeneity of the material formed by the decomposition of the 
glass. It is however not easy to distinguish such scattering microscopic- 
ally from that due to cavities present in the film which are too small or too 
close together to be resolved completely. 
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The scattering of light by unresolved or imperfectly resolved structures 
in decomposed glass is evident in many of the figures reproduced with the 
paper, as for instance, the right half of Fig. 8 in Plate VII, the central 
bright area in Fig. 9 in Plate VIII, Fig. 12 in Plate IX, Fig. 13 in Plate X 
and the bright areas in Figs. 17 and 18 in Plate XII. 

Films with Cavities—Examined with the Leitz ultra-opak microscope 
under ‘‘ dark field’’ conditions, decomposed areas in glass usually exhibit 
illumination, the intensity of this varying enormously with the conditions. 
In many cases, the luminosity is due for the greater part to the presence of 
hollow cavities of lesser or greater size, which are either discrete or which 
run into each other to form patterns or networks of the most varied forms. 
Under the conical illumination of the microscope, the cavities appear as 
small luminous circles, vividly coloured, and in most cases, a great many 
circles lying in a well-defined “‘area’’ have the same colour and thus 
remind one of flowers laid out in a bed. [Illustrations of such patterns 
appear in Figs. 19 and 20 in Plate XIII (the latter being a part of the 
field appearing in Fig. 19 magnified threefold), Figs. 21 and 22 in Plate 
XIV, Figs. 23 and 24 in Plate XV and Fig. 26 in Plate XVI. In many 
cases numerous small cavities appear superposed on single large ones, 
giving rise to beautiful patterns in colour. By suitable illumination, 
the cavities may be catised to appear reversed and stand out in relief in the 
field of the microscope. Illustrations of the effects then observed are repro- 
duced in Fig. 25 in Plate XVI and in Figs. 27 and 28 in Plate XVII. 

Dark Aveas.—On examination of the photographs reproduced in Figs. 
1 to 28, Plates IV to XVII, it will be seen that in numerous cases extensive 
‘‘ dark areas’’ are to be observed. ‘These may, in some cases, merely repre- 
sent areas of undecomposed glass which do not scatter light and therefore 
fail to appear on the photographic plate under “ dark field’’ conditions. 
Such cases may be readily identified by tilting the specimen so that the 
reflected light enters the microscope, as the dark areas then turn bright. 
On making this simple test, it is found that decomposed glass does exhibit 
in many cases extensive areas which are dark both under “ bright field” 
and under “ dark field’ observing conditions, in other words, do not either 
reflect, or scatter light appreciably. ‘This result is theoretically intelligible, 
for reflection can be abolished without involving scattering of light, if the 
change of refractive index at the surface takes place in a continuous manner 
instead of being discontinuous, in other words, if it is spread over a depth 
which is not small compared with the wave-length of light. The super- 
ficial decomposition of glass may lead to such a result if it extends over 
a sufficient depth, and if the gradient of refractive index produced thereby 
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is continuous instead of being oscillatory. The latter condition would give 
rise to an iridescent reflection, while the former would abolish reflection 
altogether. 

3. Effect of Immersion in Liquids 


If a piece of iridescent glass is breathed upon when cold, moisture 
condenses on it and the colour of the film apparently vanishes immediately ; 
it however reappears when the plate is warmed up. Brewster noticed the 
apparent suppression of colour produced by placing a drop of water or 
alcohol on the film, as also its restoration when the fluid has evaporated, 
He noticed further that oil or balsam penetrates the film slowly and 
unequally, producing a succession of tints on the plate during its advance. 
A careful study of these and other effects produced by contact with liquids 
is evidently of importance in order to elucidate the problem of the structure 
of these films and their optical characters. 

It should be remarked in the first place that the observations made 
in the rather crude way mentioned above are deceptive. In reality, the 
iridescence of decomposed glass does not disappear on immersion in a liquid ; 
on the other hand, the colours actually become more vivid, though their intensity 
is considerably diminished. ‘This is readily shown, for instance, by dipping 
the plate in a cell containing water and observing it within the liquid by 
reflected light. The iridescence can then be readily seen through the sides 
of the cell, and may conveniently be examined with the aid of a hand-lens. 
Its general appearance is made more striking on submergence by reason of 
the diminished reflection of light from the front of the film and the back of 
the plate, as well as by the reduction in the amount of scattered light, 
This improvement is particularly marked for oblique incidences. When the 
plate is in air, the colours of decomposed glass disappear when the light falls 
sufficiently obliquely ; but with the plate submerged in water, the colours may 
be observed right up to grazing incidence. It is thus clear that the range of 
study is considerably extended by the use of the technique of immersion 
of the film in a liquid cell. 

A special feature of the Leitz ultra-opak microscope is that its stage 
is of ample size and can accommodate a container for liquid in which the 
objective as well as the material under study can be immersed. ‘The instru- 
ment can therefore be very conveniently used for studying the iridescence 
of submerged films. The disturbance due to the reflection of light from the 
free surface of the liquid is avoided completely, and the iridescence can be 
seen under either “‘ bright field’’ or “‘ dark field’’ conditions as desired ; 
the effects following immersion can also be watched from instant to instant. 
Using this procedure and examining a variety of examples, the results 
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already stated are readily verified. In seeking to explain the effects observed, 
we have to remember that the liquid has a twofold influence ; firstly, the 
reflection at the external surface of the film is greatly diminished ; secondly, 
the liquid enters the cavities of the film—those visible in the microscope 
as well as the invisible cavities forming part of its structure; as a result 
of this penetration, the optical properties of the film are altered in a manner 
depending upon the quantity of liquid which penetrates, its distribution 
within the thickness of the film and the refractive indices of the film and of 
the liquid. 


A little consideration indicates that the effects referred to above would 
be most pronounced when the refractive index of the liquid approximates 
most closely to the refractive index of the film. When this is the case, the 
surface reflection would be negligible and the variations of index within 
the film would be greatly reduced ; we should accordingly expect the irides- 
cence to become enfeebled in intensity. Per contra, we should expect the 
iridescence to be less enfeebled when the refractive index of the liquid 
deviates considerably from that of the film. These anticipations from 
theory are found to be fulfilled in observation. A variety of liquids can be 
used, e.g., water, glycerine, carbon tetrachloride, benzene, carbon disulphide 
and monobrom-naphthalene and suitable admixtures thereof, so that the 
immersion liquid can have any desired refractive index from 1-33 to 1-66. 
In every case, it is found that immersion produces a marked change of colour. 
The diminution of its intensity is most striking when the immersion liquid has 
a refractive index about the same as that of the glass used and is less marked 
when the refractive index of the liquid is either greater or less. Judging from 
the observations, it would appear possible to determine the index for mini- 
mum iridescence fairly accurately. The fact that the colours do not vanish 
for any index is significant but is not surprising when we recollect that the 
penetration of liquid can scarcely be expected to produce a complete uni- 
formity of refractive index within the film. 


1. Effect of Absorption of Liquids 


When the plate is completely immersed in a liquid, the latter can 
penetrate the film to the maximum extent provided sufficient time is allow- 
ed. It is however of interest to be able to study the effect of absorption 
of liquid on the iridescence of the film when the latter is not actually sub- 
merged. Further, it is desirable also to be able to study the cases in which 
the absorption is incomplete and takes place to an extent which can be 
controlled, and when it is variable with time. 
Leitz ultra-opak microscope is very suitable. 


For this purpose, again, the 
A convenient technique is to 




















The Structure and Optical Characters of Iridescent Glass 379 


place a drop of the chosen liquid on the film while it is under observation 
in the field of the microscope. ‘The properties of the liquid which should 
be capable of influencing the results under these conditions are its refractive 
index, its speed of spreading over the surface and of penetration into the 
film, as well as its rate of evaporation. Benzene, for instance, penetrates 
quickly and also evaporates quickly. Water also enters the films quickly 
but is slower to evaporate, while monobrom-naphthalene is slow in both 
respects. An interesting variation of the technique is to use a mixture of 
liquids, e.g., benzene and monobrom-naphthalene which can _ penetrate 
quickly but which on evaporation leaves the less volatile component behind 
in the film, thus altering its optical characters. 

In making the observations mentioned, it is convenient to work with 
a film which initially shows a uniform colour so that the variations of the 
same with the quantity of liquid absorbed can be more readily recognised. 
Films with a uniform colour over a considerable area may be obtained by 
chemically iridising glass. (A reagent bottle which had. developed a strik- 
ingly uniform internal iridescence was broken up and furnished suitable 
material for these investigations.) Fig. 29 in Plate XVIII is a photomicro- 
graph of such a plate with a drop of monobrom-naphthalene placed on it. 
The sharply bounded black central area (with a bright overlying ring due 
to reflected light) is the portion of the film actually covered by the liquid. 
The moderately dark circle surrounding the drop is the area of the film inter- 
nally saturated with liquid, while beyond the same is seen a succession of 
dark and bright rings which indicate a variation in the quantity and distri- 
bution of the liquid absorbed by the film. In the actual experiments, these 
tings exhibit varied colours which are even more striking than the colour 
of the part of the film free from liquid. 

When a comparatively non-volatile liquid such as monobrom-naphtha- 
lene is used, the pattern surrounding the drop when fully developed remains 
practically static and can therefore be photographed easily. The case is 
entirely different when a quickly spreading and volatile liquid such as 
benzene is used. ‘The colour patterns due to its absorption and subsequent 
evaporation change with extraordinary rapidity, so much so that they can 
only be observed visually. ‘The essential point is that the colour of the film is 
greatly altered by the presence within it of even small quantities of fluid and 
is fully restored only when the same has completely evaporated or has been 
otherwise removed. Using the technique of a non-volatile substance dissolved 
in a volatile fluid, it should be possible to introduce definite quantities 
of a substance of known refractive index into a measured area of the film 

and to correlate the same with the changes of colour produced thereby. 
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5. Effect of Mechanical Pressure 

The penetration of liquid into the iridescent film which is shown by 
the change in colour resulting therefrom indicates that the material of the 
film, at least in some cases, has an “‘ open structure’ which permits of entry 
of fluid. Such partial emptiness may be ascribed to the loose packing of 
the material in a manner which may be either continuous or periodic. If 
this view be correct, it should be possible by mechanical compression to 
increase the density of the film and at the same make it more uniform. 
The experiment is readily tried, and in the particular case of the chemically 
iridised glass used in obtaining Fig. 29, it is strikingly successful. Fig. 30, 
Plate XVIII, shows a uniform film which had been subjected to the rolling 
pressure of the rounded end of an ivory rod. It will be noticed that the 
whole of the compressed area appears dark in the picture, the greenish-blue 
iridescence having turned dark-red as the result of pressure. The margin 
of the compressed area shows a bright belt, indicating that the first effect 
of the pressure is actually to increase the intensity of the iridescence. 
Spectroscopic examination showed that the bands in the spectrum of the 
reflected light brighten and then shift as the result by the application of 
pressure ; with greatly increased pressure, their intensity falls off to a small 
value. 

It must be remarked, however, that the effect of mechanical pressure 
on the iridescence is by no means equally striking in respect of all films. 
It must be presumed that in those cases where the pressure produces a rela- 
tively small effect, the structure is more compact and the film should then 
have a smaller capacity for absorbing liquid. This is a matter however 
to be tested by more detailed investigation. 

6. Polarisation Phenomena 


A careful study of the state of polarisation of the light reflected at 
various angles of incidence should evidently be capable of furnishing useful 
information regarding the optical properties of the film responsible for the 
iridescence. Preliminary observations indicate that the coloured reflections 
exhibit the maximum polarisation at an angle of incidence which does not 
differ much from the Brewsterian angle for the undecomposed glass. At 
this angle and for incidences somewhat more oblique, a distinct change in 
the colour of the film to the complementary tint is noticed, at least in some 
cases, when the observing nicol is turned to the position which transmits 
the minimum of reflected light. Such an effect is to be expected if the 
film has a refractive index less than that of the undecomposed glass. On 
the other hand, when the film is submerged in a liquid, the effect mentioned 
above is not noticeable, and the polarisation of the reflected light is found 
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to be sensibly complete at or about the Brewsterian angle of incidence for 
the liquid-glass boundary. This is to be expected if the colours are then 
due to relatively small fluctuations of refractive index within a stratified 
film having nearly the same refractive index as glass. Precise measure- 
ments would however be necessary to distinguish between the different 
possibilities regarding the manner in which the refractive index fluctuates 
within the film and to determine its average value in relation to that of the 
glass. 
7. Summary 


A study of numerous specimens and of 30 photomicrographs of the same 
shows that the structures in decomposed glass may be divided into six 
categories exhibiting distinct optical phenomena : (1) Cavities with terraced 
walls; (2) films exhibiting iridescence of varying colour without defined 
boundaries ; (3) films exhibiting map-like patterns of colour with sharply 
defined laminar boundaries ; (4) films containing unresolved or imperfectly 
resolved structures scattering light; (5) films containing hollow cavities, 
and (6) dark areas which neither reflect nor scatter light. Contrary to 
Brewster’s observation, the colours of decomposed glass actually become 
more striking when the material is covered by liquid ; the intensity dimi- 
nishes but does not disappear even when the index of the sorrounding fluid 
is identical with that of the film. The films are capable of absorbing 
liquid in variable amount, their colours being altered thereby. The openness 
of internal structure indicated by this fact is confirmed by observations on 
the effect of mechanical pressure on the iridescence, and on the polarisation 
of the reflected light at various incidences both in air and when submerged 
in liquids. 
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Introduction 


FOLLOWING on the experiments which provided evidence for acoustic 
dispersion in gases in the region of ultrasonic frequencies,! corresponding 
experiments were carried out by several observers for liquids. The results 
so far obtained have been conflicting in character, and there does not yet 
appear to be convincing experimental evidence in favour of dispersion in 
liquids. 


The earlier experiments of Boyle and Taylor,?, Wood,? Loomis and 
Hubbard,*: Spakovskij,> Lucas and Biquard,® and Parthasarathy,’ could not 
detect any finite dispersion in velocity. Hiedemann, Seifen and Schreuer,’ 
were the first to report, on the basis of controlled and accurate direct mea- 
surements on the supersonic waves in liquids, a small but significant disper- 
sive increase in velocity of 1 m./sec. in toluene and xylene over the range 
4-8 to 8-4 million cycles. ; 


Recently, it has been sought to examine this question of dispersion, 
by pushing the accuracy of measurement of velocity to the highest limit 
possible, both by very careful determination of the frequency employed, 
and by a check on the thermal condition of the liquid system. A. K. Datta,* 
working in Debye’s laboratory, and using the method of photographing the 
diffraction spectra, found no dispersion over the range 10 to 30 million cycles, 
in the cases of toluene, xylene and decaline, but in the case of water he has 
reported a significant increase in velocity of 1-5 per cent. Spakovskij,! 
by using a sonic interferometer method over the range 200 k.c. to 3,000 k.c. 
finds no dispersion in amyl acetate, ethyl acetate, ethyl bromide, and ethyl 
iodide, but a decrease in velocity of 5 °/), in the case of water and 
saturated aqueous solutions of KI and KBr and an increase in velocity of 
1% in the case of acetic acid. Bar,!! using the photographic method, 
and an extended range of frequencies up to 53 million cycles, could detect 
no dispersion in any of the cases of water, ethyl acetate and benzene. 
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It was decided to re-examine the problem using a diffraction method 
and a greater variety of frequencies. This paper gives some of the prelimi- 
nary results obtained. 


Experimental Arrangement 


A single valve oscillator circuit of Hartley type was built up. By 
means of a single coil in the circuit two x-cut quartz crystals, one 20 x 20 
x 10 mm. to give about 1-5 mc. to 4 mc. and another 20 x 20 x 4 mm. 
to give about 7 mc. and 22 mc., were oscillated so that no disturbances were 
made to the entire circuit except making tappings in the coil. A suitable 
optical system was set up and was left unaltered throughout the experiments. 


The liquids were contained in a rectangular glass vessel of internal 
dimensions 3” x 3” x 3”. The same height of liquid was maintained in 
the vessel for all experiments. Since there is some damping effect of the 
liquid on the oscillator the lower surface of the crystal was always kept just 
touching the surface of the liquid so that no variation in frequency occurred. 
To check up the frequency from time to time a precision wavemeter of the 
General Radio Company was kept at the same place near the coil through- 
out an experiment. 


All the diffraction spectra were taken on the same photographic plate. 
The temperature of the liquids was taken by a calibrated standard thermo- 
meter reading to 1/10°C. Using rapid plates and a strong source of light 
the photographs of the diffraction spectra were taken within a very short 
interval of time—of the order of seconds—so that no change in general 
occurred in the temperature in the liquid during the observation. In the 
case of CS,—due probably to the heavy absorption of acoustic energy which 
occurs in the liquid—the temperature was found to rise even over short 
intervals of time. 


The liquids used in the experiment (except water) were the purest 
obtained from Kahlbaum or Merck and were redistilled. 


Results 


Wave-lengths were calculated from the usual formula, 
A; 
A, 
wave-lengths of light and sound respectively, and N the order 
of diffraction. 


Sin 6=N where § is the angle of diffraction, A, and A, the 


The distances between the fringes were measured accurately on a Hilger 
Comparator which was capable of reading to 1/10,000 of acm. The diffrac- 
tion fringes were made as sharp as possible by keeping the slit narrow. The 
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wave-length of light used was 5461 A of the mercury spectrum isolated by 


a mercury-green Wratten filter No. 77. 


plane of the camera lens and the plate was 93-0 cm. 


TABLE I 


Dispersion of Sound Velocity 


The distance between the nodal 




















Tempera- | : Velocity 
Liquid ture Frequency in metres 
On in ke. 
in °C. per sec. 
Xylol .. 28-1 1673 1289 
4152 1289 
7242 1289 
Benzene 27 +4 1673 1272 
4152 1273 
7242 1273 
Carbon tetrachloride 26-4 1651 932 - 
4266 933 -0 
7244 932 -6 
Water .. 25-8 1465 1535 
1546 1534 
4264 1535 
22510 1535 
Carbon disulphide 24-7 1572 1136 
24-4 4076 1148 
24-3 4303 1155 
24-6 6750 1143 
Discussion 


The accuracy of the absolute velocities determined is governed by the 
accuracy of measurement of the distance between the nodal plane of the 
This is of the order one partin 1,000. The relative 
values determinable from the measurements are however more accurate. 


lens and the plate. 


It can be gathered from the results tabulated that, on the whole the 
change in velocity in all the liquids studied is not sufficiently great to warrant 
a definite conclusion that there is dispersion in them. 


The results for CS, would at first appear to provide evidence of dispet- 
sion, but as an examination of the photographs will also show, there have 











K. G. Krishianr 


Proc. Ind. Acad. Sci., A, vol. 1X, Pl. XTX 


22-510 m.c. 


6750 m.c. 


4-303 m.c. aaa 4-264 m.c. 


1°546 m.c. 


4-076 m.c. 














Th 











Dispersion of Ultrasonic Velocity in Liquids 385 


been appreciable thermal effects in this case on account of a cooling effect 
due to evaporation and a heating effect due to the heavy absorption of 
sound energy, especially at high frequencies. 


The author wishes to express his grateful thanks to Professor J. West, 
p.sc., F.Inst.p., for suggesting the problem and for his guidance and helpful 
criticism during the progress of the work. 


Summary 


Three ranges of frequencies from about 1-5 mc. to 7 mc. were employed 
in five liquids: xylol, benzene, carbon tetrachloride, carbon disulphide and 
water. In the case of distilled water an additional frequency 22-5 me. 
was also used. It is concluded from the data obtained for these liquids that 
within the limits of experimental error there is no definite evidence of 
acoustic dispersion over the frequency range employed. 
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1. Introduction 

IN an earlier communication! we discussed the variation with time and with 
zenith distance of the heat radiation coming from different altitudes of the 
night sky (measured with a Micro-thermopile connected to a Moll Galvano- 
meter) at Poona on 25-4—36, 30-4—36 and on 2-5-36. In the present paper 
the observations recorded on the last date (these are the most complete set 
of data available) are used for calculating the mean equivalent black body 
temperature of the night sky as a whole, at different hours of the night. The 
values so calculated are then compared with those computed from the 
simultaneous readings of an Angstrom’s pyrgeometer exposed to the whole 
night sky (solid angle 27). 
2. Computation of the Mean Equivalent Black Body Temperature of the Whole 

Sky from the Measurements of Radiation at Different Zenith Distances 

We may consider the radiating night sky as a hemispherical dome, a 
vertical section of which through the centre of the dome is shown in Fig. 1. 
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If ry be the radius of the hemisphere and 7 the amount of radiation per unit 
solid angle coming from a small zone lying between the vertical angles 6, 
and 6,, 51, the quantity of the radiation from this zone falling on unit area of 
a horizontal surface at O is given by 


0 


Day 

L7rY*? 
él, =- . 
Y 


0, 


; : 76. 
= 71 sin’ |, 


1 
= 71 [sin? 0, — sin? 0,] (1) 


sin 8 cos 6d 





It can be shown that the amount of radiation 7 per unit solid angle 


oT4 





flowing normally from any surface element at temperature T is equal to 
Substituting, we have 
dl, = oT (sin? 6, — sin® 6,) (2) 
If we divide up the hemisphere in Fig. 1 into a series of zones, between 
angles 0,(=0) and @,, 0, and 6,---, 0,, and 6, (90°), radiating at the 
equivalent temperatures T,, T,,---T,, respectively, we have 
L= 61, “- dL. “f> oee =f 6L,, 
= {o T,‘ (sin? 8, — sin® 45) } + {oT,4 (sin 26, — sin 26,) } 
ss ata F {o pss, (sin? 6, — sin? 6, 1) } (3) 
We may put I, =o TS, (4) 
where I, is the quantity to be computed, v7z., the mean equivalent black 
body temperature of the whole sky. Thus, knowing T,, T,,---T,, from the 
thermopile observations, we may readily compute T,. 


Table I? gives the temperature of the Moll thermopile, the air tempera- 
ture and partial pressure of water vapour at 4 ft. above ground in columns 





* Table I replaces Table III of the earlier paper (Proc. Ind. Acad. Sci., 1987, 
1, 53). The equivalent black body temperatures of the night sky have been recalcu- 
lated, using the exact relation T¢—T,)*=C x D. The nocturnal variation of the 
equivalent temperature as calculated from the new values given in Table I, are similar 
to those given in the table and diagrams of the earlier paper. The verification of 
the 4th power law for T > Ty as well as» T < Ty was done by exposing the thermopile 
to-a hemispherical radiator of the vertical type. The use of the new type of radiator 
for calibration of the thermopile-galvanometer arrangement ensures that the convec- 
tion effects in the neighbourhood of the radiator when it is hotter or colder than the 
surrounding air do not affect the thermopile in the least. Fuller details of the arrange- 
ment and a discussion of recent measurements will be given in a later paper of this 
series, 
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(2) to (4). Column (5) gives the deflections D recorded by the galvano- 
meter when the thermopile is exposed to radiation from the zenith sky, and 
column (6) gives the corresponding equivalent black body radiation tempera- 
ture I, of the zenith sky calculated from the equation 
T,* —T,* =C xD, 

where T, is the temperature of the thermopile and C is a constant. Using 
the calibration data of the thermopile galvanometer adjustment on the 
2nd May 1936, C was found to be 3-615 x 108. Columns (7) to (16) give 
similar data for the altitudes 60°, 45°, 30°, 15° and 0° of the night sky. 
Column (17) gives S the downward radiation from the whole night sky as 
measured with Angstrom’s Pyrgeometer and column (18) gives the mean 
equivalent black body temperature of the night sky as calculated from the 
above. Column (19) gives the values of the mean equivalent body temperature 
calculated from the values T,, T., etc., according to formula (3), 


In making the computations given in column (19), the division of the 
night sky into zones and the notations of the corresponding values of the 
equivalent black body temperatures were as indicated below: 





Zone | Limiting altitudes in Equivalent black 
No. degrees body temperature 





90° — 75° T, (zenith) 
75° — 60° 2 
60° — 45° 
45° T, 
T; 


— 0° T, (horizontal) 











The effective temperature of a zone was taken for the middle of the 
zone from a curve of effective temperature against altitude (drawn by plotting 
the actual experimental values of T for the different angles). 


A comparison of columns (18) and (19) shows that the values generally 
agree within 2 degrees from 2035 hours of 2-5-36 to 0500 of 3-5-36. The 
conclusion is that radiation measurements with a thermopile and galvano- 
meter are in fairly good agreement with those obtained by the null method 
used in Angstrom’s Pyrgeometer. 
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THE root bark and seeds of Oroxylum indicum Vent. are reputed to possess 
valuable medicinal properties. The chemical investigation of the root bark 
resulted in the isolation of Oroxylin-A, a yellow crystalline colouring matter! 
for which the formula 5: 7-dihydroxy-6-methoxy flavone was arrived at, 
besides baicalein, phytosterol and galactose.2 The present paper describes 


the results of the chemical investigation of the seeds. 


Seeds of Ovoxylum indicum Vent. are used in India as a_ household 
remedy for hysteria and have been found to be purgative (Wood’s Plants 


of Chutia Nagpur, p. 125). On account of its high medicinal reputation, the 
chemical examination of the seeds has been carried out by successive extrac- 
tion with petroleum-ether, ether, chloroform, alcohol and water. 


A non-drying fatty oil to the extent of about 20 per cent. on the weight 
of the seeds was obtained from the petroleum ether extract, in addition to 
a yellow crystalline substance (m.p. 274°) from the ether extract, which was 
too small for further investigation. All the extracts were examined for an 
alkaloid but negative results were obtained with various alkaloidal reagents. 


Various constants for the oil and the fatty acids obtained by the usual 
method have been given in Tables I and II respectively. The mixed fatty 
acids were separated into saturated (solid) and unsaturated (liquid) acids 
by the Twitchell’s iead salt-alcohol method. The unsaturated acid fraction 
consists exclusively of oleic acid ; the saturated acid fraction has been found 
to contain palmitic and stearic acids and probably lignoceric and an acid 
or acids higher than lignoceric. 


Experimental 


The powdered seeds were extracted with usual solvents with the follow- 
ing results :— 
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Solvents Extract 
per cent. 





1. Petroleum-ether (b.p. 35-60°) 
2. Ether 

3. Chloroform .. 

4. Alcohol 


5. Water 








On careful examination of the above extracts, a bright yellow coloured 
fatty oil was obtained from the petroleum-ether extract and a yellow crystal- 
line substance (m.p. 274°) from the ether extract, which was too small for 
further investigation. 


The chemical examination of the oil has been carried out. 


The yield of the oil on extraction of the powdered seeds (1-5 kg.) was 


about 20 per cent. on the weight of the seeds. Table I gives the constants 
for the oil. 
TABLE I 


Specific gravity at 25°C. 

Refractive index at 25°C. 

Acid value 

Saponification value 

Iodine value (Hanus) - a ow Gated 
Unsaponifiable matter (per cent.) pa 1. 
Hehner number : re ve. GE: 
Reichert-Meissl value - es te 0- 
Polenske value .. oe ny oa 1: 
Acetyl value nae es Pe ~» 630 


The oil (150 g.) was saponified with alcoholic potassium hydroxide and 
the unsaponifiable matter extracted with ether. The fatty acids were 
extracted in the usual way. ‘The following are the constants for the mixed 
fatty acids :— 
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TABLE IT 

Titer test “ ne ee .. 41-15°C. 
Melting point .. - si .. 44-3°C. 
Neutralisation value ae a . —s 
Mean molecular weight (calculated frcm the 

neutralisation value) .. a .. 302 
Iodine value (Hanus) = ae en 77 -49 
Saturated acids per cent. oi ree 19 -6 
Unsaturated acids per cent. we ae 80-4 


The mixture of the fatty acids were then separated into saturated (solid) 
and unsaturated (liquid) acids by the Twitchell’s lead salt-alcohol method? ; 
the separation appears to be almost complete because the mixed saturated 
acids had an iodine value of 1-2. 

Table III gives various constants for the unsaturated acids. 


TABLE III 


Neutralisation value me = -- 1056-4 
Mean molecular weight .. ra ow Bet 
Todine value (Hanus) eo a .. 85-4 


Acetyl value os o-« garg 


1. The constituents of the unsaturated acid fraction were determined 
by preparing their bromine addition products. The hexabromo-derivative 
of linolenic acid is insoluble in cold ether ; since no precipitate insoluble in 
ether was formed, the absence of linolenic acid was inferred. Since no 
precipitate of tetrabromo-linolic acid was obtained on dissolving in cold 
petroleum-ether the residue after the removal of the ether, it was inferred 
that linolic acid was also absent. After removing petroleum-ether, the 


residue was weighed and its bromine content determined. The results 
obtained are given in Table IV. 


TABLE IV 
Weights of the Unsaturated acids taken .. -. 8-1215 gm. 
“ the Residue (dibromide) na .. 12-048 = 
Bromine content of the residue o .. 33-17 per cent. 
Oleic acid equivalent to dibrcmide ae =. ST 
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2. Oxidation of the Unsaturated Acids with Potassium Permanganate 


Solution.—10 gm. of the acids were oxidised with 2 per cent. potassium 
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permanganate in alkaline solution at room temperature with constant 
stirring. After reaction was complete, a current of sulphur dioxide was 
passed through the solution to dissolve the precipitated manganese dioxide. 
The insoluble white substance was filtered and extracted with much ether. 
The ethereal solution containing dihydroxystearic acid was evaporated to 
one-tenth of its volume; on cooling crystals were obtained, which after 
crystallisation from alcohol melted at 133-134° and were identified as 
dihydroxy-stearic acid. ‘The formation of this acid proves the presence of 
oleic acids in the liquid acids. As no ether insoluble product (t.e., hexa- 
hydroxy- or tetrahydroxy-stearic acids) was obtained it showed the absence 
of linolenic and linolic acids in the liquid acids. 

3. The unsaturated acids were converted into the corresponding methyl 
esters (37-26 gm.) and fractionally distilled under reduced pressure. Table 
V shows the fractions with temperature pressure, iodine value, etc. 


TABLE V 








,, |\Temperature| Weight in |Pressure | Iodine Sa penifica- ahem 
N eo : : s ‘ molecular 
im: “G. gm. inmm. | valte tion value kate 
weight 
1 165-73 | 10-17 4 83 -2 190 -9 293 -0 
| 
2 173-80 | 22-99 | 4 84-7 190 +1 | 295 -8 
| 
3 | Residue | 4-10 4 79-6 191-7 | 297-5 
| 














The molecular weight of methyl oleate is 298. 


It can be seen from the above figures that it consists almost completely 
of methyl oleate. 


From the results obtained by 2 and 3, oleic acid appears to be the 
only unsaturated acid present. The bromine content of the dibromide gave 
a value which accounts for only 91-7 per cent. of oleic acid; similarly the 
iodine value of the unsaturated acids is also 85-4, instead of 90 (theoretical) 
for oleic acid. This discrepancy, it appears, is due to the fact that a portion 
of the unsaturated acid fraction must have been oxidised to dihydroxy- 
stearic acid, for the reason that the investigation was interrupted and 
extended over a rather long period. This fact is confirmed by the acetyl 
value 23-6 of the unsaturated acids. Calculating from the acetyl value 
23-6 of the unsaturated acids, 8-4 per cent. of oleic acid must have oxidised 
to dihydroxystearic acid (acetyl value 280-5) which agrees with the infer- 
ence drawn from the bromine content of the dibromide. 
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Saturated Acids.—The saturated acids were converted into the corres- 
ponding methyl esters and fractionally distilled under reduced pressure, 


Table VI gives the fractions with temperature, pressure, etc. 


TABLE VI 





| 
| ie : ; ? oe Mean 
|'Temperature |Pressure | Weight in | Iedine Saponifica- oidiiimaiines 
: in °C. in mm. em. | value tion value Se 
| n | in n sm . F weight 





| 160-75 281-8 
175-90 331-2 


9 


| Residue | 43 - | 391- 











The esters of each fraction were saponified and then decomposed with 
hydrochloric acid in order to obtain the acid. 


Fraction I.—By repeated fractional crystallisations, a small amount of 
an acid was obtained with m.p. 62-8° and molecular weight 254 and corres- 
ponded to palmitic acid (Merck) in melting point and properties. From the 
molecular weight 281-8 of methyl esters, and the fact that from fraction 
II, stearic acid was isolated in the pure condition, fraction I appears to be 
a mixture of methyl palmitate and methyl stearate. 


Fraction II.—A fraction with a melting point 68-9° and molecular 
weight 281 was obtained by fractional precipitation followed by repeated 
crystallisations and corresponded to stearic acid (Merck) in melting point 
and properties. Considering the molecular weight (331-2) of the methyl 
esters it is possible that fraction II contains methyl stearate (m.w. 298) 
and methyl lignocerate (m.w. 382), this inference being made from the 
probable existence of lignoceric acid in fraction III. No statement is possi- 
ble about the existence of methyl behenate (m.w. 354-5) or methyl arachi- 


date (m.w. 326-4) which may or may not be present in this fraction. 


Fraction III.—After several fractional precipitations and crystallisa- 
tions, a fraction with melting point 77—-78° and m.w. 370 was obtained. It 
corresponds almost to lignoceric acid (m.p. 80-81°; m.w. 368). 

It may be inferred that lignoceric acid is probably present in fraction 
III and further the mol. wt. 391-9 of the methyl esters of fraction III 


(mol. wt. of methyl lignocerate being 382) shows that an acid or acids higher 
than lignoceric are also present in small proportion. 
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Summary 


The chemical investigation of the seeds of Oroxvlum indicum Vent. 


has resulted in the isolation of a yellow crystalline substance (m.p. 274°) 
and a fatty oil. 


The examination of the oil showed definitely the presence of oleic acid 
(80-4 per cent.), palmitic and stearic acids and probably lignoceric and an 


acid or acids higher than lignoceric. Saturated acids are only qualitatively 
examined. 


I express my deep sense of gratitude to Dr. Jivraj N. Mehta, the Dean, 
and Dr. A. S. Paranjpe, Professor of Pharmacology of Seth G. S. Medical 
College, Bombay, Dr. T. S. Wheeler, Principal, and Dr. R. C. Shah, Professor 
of Organic Chemistry, Royal Institute of Science, Bombay, for their encour- 
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l. IF ff (x) =Gy x +a, *- 1) +4, x"-27 +--+ tay, 
and g(x) = 0g x™ +d, x -1 + Da x - 2 + +++ + Oy, 


be two integral polynomials in x, we write 
f (x) =g (x) (mod n) 
when a, =), (mod m), 7 = 0, 1, 2, 3, +++, m. 
In what follows, denotes a prime number and G (mn, 7) stands for the 


sum of the products of the first ~ natural numbers taken 7 at a time. We 
take G (nm, 0) = 1, and make use of the following known results : 


(i) G(p, 7) = G(p — 1,7) (mod pf), 


=] (mod fp), whenr = 0; 
= —] (mod p), whenr = p — 1; 
and = 0 (mod /) otherwise. 
(ii) (?) =1 (mod ~), when ry = 0 or £; 
and =0 (mod p) otherwise. 


We write a < b, when a is less than } and prime to it. 


2. We proceed to prove 


THEOREM 1. If p be an odd prime and u >1, then 


IT (% +a) = (x — x)" (mod p*). 
When u = 1, we laa 
I (x +a) = iG (p, 7). -*, 
= x — x (mod p). 
Thus the theorem holds when u = 1. 


Suppose that it holds when 1 < u <#, so that 
p* 
TT (x +a) = (x —x)e"" + pe f(x), lout; 


a=1 
where / (x) is an integral polynomial in x. 
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¢ #-—1 
IT (x +a) = IT IT (x + a+kf*), 
a=] awl k=0 
pt p—l 
= TCE Gb 10) ph (x tae 
ot 
= I (x +.a)é (mod p/ + 3), 
a=1 
= {(xb — x)e- + pt f (x)} (mod p¢ + }), 
atalial (mod p+), 


The theorem is now readily proved by induction. 
It may be noticed also that the theorem holds when p = 2, u = 1. 
THEOREM 2. Jf u >2, then 


ou 
-2 





= + a) = {(x — 1) x(x +1) (« + 2)P" (mod 2+), 
When u = 2, we have 
| OT (@ +a) =(¢ +1) +2) +3) +4), 
= (x —1)x(e+1)(@+2) (mod 4. 


Thus the theorem is seen to hold when uw = 2. 


Suppose that the theorem is true when 2 < u < #?, so that 
Qu 


IT (« +a) ={(x® —1) (x® + 2x)}2"~? +2" f (x), 2<u<t, 
a=] 


where / (x) is an integral polynomial in x. 


Then 
gt +1 ot ot 
TT (x +a) = I (x +a). II (y +a), wherey =x + 2¢ 
a=l a=] a=1 
= {(x2 — 1) ~* (a? + 2x) ~* + 2¢ f (x)}? (mod 2¢+ 2), 
= {(a* — 1) (@@ +2x)}*"* (mod 2+ 4) ; 
because 


x2 


yt = x7, Wy = 2x, and 2 f (vy) = 2° f (x) (mod 2¢ + 4), 
The theorem can now be aa proved by fe tee 
THEOREM 3. If n = p% ny, where (ny, p) =1, u>1 and p >2; then 
p# 
(x +a) ={ II (x +a) (mod p*). 


a=] 


es 


1 


I 


a 
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If the numbers : 1, 2, 3, - + +, m, be divided by p” ; then we get as remainders 


the numbers: 1, 2, 3,-+-+, p¥ —1, and 0, each repeated nN», times over, 
Hence the theorem. 


As direct consequences of Theorems 1 and 2, we have 
ee : p” -1 
G[p¥ —1,r(p —1)] = (-—1) ¢ ) (mod ~”), Pp >3,u>1; 


G (2" — 1, 2r) 


lll 


’ Qu-2 
(—1) ( ) (mod 2¥- 14), u>2; 


r 
and G(2* —1,27 +1) = 2#-1 (mod 2“), whenr =0 or 2-2, 
=0 (mod 2”) otherwise ; u > 2. 


3. We state below the theorems of Bauer of which the theorems proved 
above are the analogues. 
THEOREM! A. If p be an odd prime and u > 1, then 
IIT (x +a) = (x@-1 — 1)"-' (mod p*). 


a <p" 
The theorem holds also when p = 2, u = 1. 
THEOREM! B. If u > 2, then 
IT (x + a) = (x* — 1)%7? (mod 2). 
p <2" 
Theorems A and B can be proved in exactly the same manner as 
Theorems 1 and 2. 
THEOREM C. Jf n =p" ny, where (ns, p) =1, p>2, and ud1; then 
TT (x +a)={ I (x + a)}op) (mod p*). 
axn ax py" 
If the numbers less than and prime to 7 be divided by p”, then we get as 
remainders all the numbers less than and prime to fp”, each repeated ¢ (m,) 
times over. Hence the theorem. 
Our proof of Theorem C will be found to be simpler than the one given 
by Professors Hardy and Wright.* 





1 We can write Theorems A and B as follows :— 


If p be any prime > 2, and u > 1 + [2/p], then 


1-3 


= ° p? 
IT («+ a) i ms [P] = 1) (mod p”). 
a< p* 


2 Hardy and Wright, Introduction to the Theory of Numbers, Clarendon Press, 
Oxford, 1938, pp. 98-100. 
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ON A PROBLEM OF ARRANGEMENTS 


By HANSRAJ GUPTA 
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Received April 18, 1939 


(Communicated by Dr. S. Chowla) 


1. Gut ABDULLA AND Lat BAHADUR! have considered the problem: 
If (22 + 1) persons are invited out to dinner on m different days, is it possi- 
ble to arrange them on a circular table in such a way that no person has 
the same neighbour on different days ? 

The problem is solved when (27 +1) is an odd prime p. Solutions 
are given also when » =4 and » =10. When m = 10, Chowla? gives a 
solution different from that given by Abdulla and Bahadur. No method 
for the construction of such solutions is, however, indicated. 

In the present note, my main object would be to show how from a 
solution for 7 = m — 1, a solution for » = m can in general be constructed. 
The problem is thus reduced to another in permutations the solution to which 
seems always to exist, but I am not able to give a formal proof of this 
statement. 

2. The problem is to arrange the numbers: 1, 2, 3,- ++, 2% +1, in 
a circle in m ways so that no number has the same neighbour in different 
arrangements. Let (@,, de, ds, * * *, Go, +1) denote an arrangement of the 
numbers: 1, 2, 3, - +--+, 2% +1, in a circle, so that a, has a, and ay, 4, as 
neighbours, a, has a, and a, as neighbours and so on. 

When x =m — 1, suppose a solution of the problem exists and the 
(m — 1) arrangements are: 





Bin, —191 = (1, Z: a, 4, 2 ee Re aS ’ 2m —- 1) 

Ay = a2 = (1, @), dg, a3, +++ » Gem —2) ) 

Am -11°?2 ace (1, b,, bs, bs, ire ti! , bom - 2) | 

Am —-14 _ (1, Cay Cay Cg, ** °° * » Com — 2) \ (Im - 1) 
Ay, —l»>m-—i1 am (1, ky, ks, ks, aha ’ Rom - 2) J 


where a's, b’s, c’s,- ++, k’s are the numbers: 2, 3, 4,°+- +, 2m —1, in 
suitable orders. 
Suppose there exists an arrangement : 


A = (1, 2m ae 1, Jas Jar Jas Jas wee Jets 2m + 1, Jer a ie *; Jen ~<a 2m) 
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where the j’s are the numbers: 2, 3, 4, ---, 2m —2; such that the pairs 
of numbers : 


B = (jx, Ja)» (Js» Ja) (J5» Jo)s °° *> (Jam — 5» Jom — 4); 
occur as neighbours, one pair in each of the arrangements included under - 
Ly —1; and the pairs of numbers : 


C = (2m —1, J,), (Je, Js), (Ja Js), 7%) (Je—o Jat -1) (Jar +29 Jat +3)", 
(Jom — 4» Jom — 3) 

too occur as neighbours, one pair in each of the arrangements L,,_,. If 
an arrangement A satisfying these conditions exists, then we insert the 
numbers 2m and (2m +1) at the end in A,,_,, , to get A», ,. We insert 
2m between the pairs of numbers mentioned under B, and (2m + 1) between 
those under C, in the arrangements L,, _ , in which they occur as neighbours, 
to get the arrangements A,, 2, Am, 3, Am,a,***, Am,m-—1- We take the 
arrangement A itself as A,,,,,. This gives us a solution for n =m. 


The following example will make my method clear: 
When = 9, we have 


Ay, 1 = (I, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19) 
Ay, 2 = (1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 2, 4, 6, 8, 10, 12, 14, 16, 18) 
Ay, s = (1, 4, 7, 10, 13, 16, 19, 3, 6, 9, 12, 15, 18, 2, 5, 8, 11, 14, 17) 
Ay, . = (1, 5, 9, 13, 17, 2, 6, 10, 14, 18, 3, 7, 11, 15, 19, 4, 8, 12, 16) 
A, = (1,6, 11, 16, 2, 7, 12, 17, 3, 8, 13, 18, 4, 9, 14, 19, 5, 10, ™ 
Ay, « = (1, 7, 13, 19, 6, 12, 18, 5, 11, 17, 4, 10, 16, 3, 9, 15, 2, 8, 14) 
Ay, 7 = (1, 8, 15, 3, 10, 17, 5, 12, 19, 7, 14, 2, 9, 16, 4, 11, 18, 6, 13) 
Ay, » =(1, 9, 17, 6, 14, 3, 11, 19, 8, 16, 5, 13, 2, 10, 18, 7, 15, 4, 12) 
Ay, » = (1, 10, 19, 9, 18, 8, 17, 7, 16, 6, 15, 5, 14, 4, 13, 3, 12, 2, 11). 


The arrangement A is: 

(1, 19, 6, 14, 10, 3, 12, 8, 15, 18, 2, 16, 5, 11, 13, 4, 9, 7, 21, 17, 20). 
Hence one solution of the 10-21 problem is: 

~ —- 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21 


) 
s 8,8, 7, 90; 9 1d, 21, 13, 15, 17, 19, 2, 4, 6, 8, 10, 12, 14, 16, 18) 
1, 4, 7, 10, 13, 16, 19, 3, 6, 9, 12, 15, 20, 18, 21, 2, 5, 8, 11, 14, 17) 
6) 
15) 
) 


Ato 


10 


if | 


10 


5, 9, 13, 17, 2, 6, 10, 21, 14, 18, 3, 7, 11, 15, 19, 4, 8, 20, 12, 1 
6, 11, 16, 20, 2, 7, 12, 17, 3, 8, 13, 18, 4, 21, 9, 14, 19, 5, 10, 


\| 


] 

10> 5 

10> 6 1,.7, 33, 19 23, 6; 12; 16;.6; 20; 11, 17; 4, 10; 16; 3: 9 1 2 8, 16 
1, 8, 21, 15, 3, 20, 10, 17, 5, 12, 19, 7, 14, 2, 9, 16, 4, 11, 18, 6, 13) 
1, 9, 17, 6, 20, 14, 3, 11, eee 
1 11) 


, 10, 19, 9, 18, 8, 17, 7, 16, 6, 15, 5, 14, 4, 20, 13, 3, 21, 12, 2, 


1 


a 
A 
A 
A 
Aro 
~ 


A1o 9 


“7 
( 
= (1, 
= (i, 
( 
= ( 
( 
mf 
(1, 


Axo, 19 = (1, 19, 6, 14, 10, 3, 12, 8, 15, 18, 2, 16, 5, 11, 13, 4, 9, 7, 21, 17, 20) 
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3. It now remains for me to explain how the arrangement A can be 
obtained in general. I will explain the method with reference to the above 
example. 


As a consequence of the insertion of 20 and 21 after 19 in Ag, ;, we 
cannot insert both 20 and 21 in any single gap in any of the arrangements 
Ay, 2, Ap 3 Ay a *°*, Ag, 93 mor can we insert 20 in the neighbourhood of 
19, or 21 in the neighbourhood of 1 in any of the aforesaid arrangements. 


Write the numbers from 1 to 19 on small chits of paper and place them 
on a table in the order in which they occur in Ay, , say, leaving a gap 
between every two of them, thus: 

| “_ 10, ™% 19, ~~ 9, “- 18, = 8, *, 17, ‘5 7, “4 16, "7 6, *y 15, _ 5, "5 14, 5 

4, "5 13, ‘5 3, 7 12, *) 2, ey 11, 


, 


Since 20 cannot be inserted in the neighbourhood of 19, the two gaps between 
10 and 19, and 19 and 9, are so to say, disqualified. Move the chits with 
the numbers 9 and 10 close to 19. We write 20 in Ag, 5, Ag, 5, Ag, 4, °°°, 
Ay, g, so that the least number of gaps are disqualified in Ay, , at each stage. 
Thus we insert 20 between 7 and 9 in Ay,,. ‘This disqualifies only three 
new gaps, viz., those between 9 and 18, 17 and 7, and 7 and 16. As before 
we move the chits with these numbers so as to remove the gaps disqualified. 
We insert 20 between 15 and 18 in A, 3, between 8 and 12 in Ag, 4, between 
16 and 2 in Ay,,, and so on. Finally, we insert 20 between 6 and 14 in 
A, ,. The chits on the table now stand together with just one gap between 
4 and 13. We insert 20 in this gap in Ag, 4, and notice that 20 has had all 
neighbours except 1 and 17. 


In the same manner, we insert 21 between 11 and 15 in Ag, 4, 18 and 
2in As, 3, 10 and 14 in Ag, 4, 4 and 9 in Ag, ,, 19 and 6 in Ag, ,, 8 and 15 in 
Ay, 7, 16 and 5 in A,,,, and between 3 and 12 in Ay,,; and notice that 
7 and 17 have still to be placed as neighbours of 21. 


The arrangement A is now easily constructed by writing the numbers 
from 1 to 21 so as to restore the neighbourhoods lost by the insertion of 
20 and 21. It appears that there are in general more than one arrange- 
ments of the type of A. 


Starting with the trivial solution (1, 2, 3) for m =1, I have obtained 
the following solution of the 10-21 problem, containing within itself the 
solutions for n = 2, 3, 4, ---, 9. In fact the solution for n =h< 9, is 
obtained by removing numbers greater than (2h +1) from the first A of 
the 10 arrangements. 
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The ten arrangements are: 
(1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21) 
1, 3, 5, 21, 19, 16, 13, 18, 11, 9, 7, 2, 12, 17, 4, 15, 20, 8, 14, 10, 6) 
1, 5, 8, 18, 2, 9, 16, 12, 21, 6, 3, 10, 17, 13, 15, 19, 7, 20, 11, 14, 4) 
1, 7, 5, 12, 10, 21, 2, 16, 14, 6, 20, 4, 13, 9, 15, 18, 3, 17, 19, 11, 8) 
1, 9, 14, 18, 5, 2, 17, 15, 21, 11, 6, 13, 8, 16, 20, 3, 12, 7, 4, 19, 10) 
) 
) 
) 


Co ot 


1, 13, 7, 3, 9, 20, 17, 5, 10, 8, 21, 4, 18, 16, 11, 2, 19, 6, 15, 12, 14 
1, 15, 2, 14, 7, 21, 18, 20, 10, 13, 5, 9, 19, 12, 4, 11, 3, 8, 17, 6, 16 
1, 17, 11, 13, 21, 3, 15, 7, 10, 4, 16, 5, 20, 14, 19, 8, 2, 6, 9, 12, 18) 
1, 19, 5, 14, 17, 9, 21, 16, 3, 13, 2, 10, 18, 7, 11, 15, 8, 4, 6, 12, 20). 


p ava 


l , : , 
4. If n =m =*-5—» where p is an odd prime, then a solution of 


1 

1, 11, 5, 15, 10, 16, 7, 17, 21, 14, 3, 19, 13, 20, 2, 4, 9, 18, 6, 8, 12 
] 
1 


the problem discussed in this paper is known always to exist. It is in fact, 
given by 

Am, p= (1, 1 +7, 1 +27, 1 +37, --+, 1 + 2mr), r =1, 2, 3, >> 
where | + kr is represented by its least positive residue modulo /. 


:, Mm: 


’ 


Following the method indicated in the foregoing sections, Chowla has 
‘ ae ; +] ; 
succeeded in obtaining a solution for » = p a . In what follows, I give 


an alternative solution for this case and then construct a _ solution for 


+3 ‘ : . : 
n= p _ . Inthe same manner, it will, I believe, be possible to construct 


solutions for m =m +3, m +4, m +5, +--+ Since for one of these values 
of n, (2n +1) must be a prime greater than #, it shall follow that a solution 
of the problem exists for all values of m. From the results proved here it is 
readily seen that a solution exists for  < 46. 


~ 4 4 ¥ I 
5. Solution for 2 =m +1 me a. : 
— 


In the solution for n = m, first insert (2m +4 2) between consecutive numbers 
whose sum is 2m +2. For each value of 7, there is only one such pair of 
consecutive numbers. When (2m + 2) has been inserted in this way, insert 
(2m +3) between those consecutive numbers whose sum is 2m +3. In 
particular 2m +2, 2m +3 are inserted at the end of A,,,,. This gives us 
the first m arrangements in the solution for» =m +1. We take 


Am+vm+1= (1, 2m +1, 2, 2m, 3, 2m —1, -+-, m, m+2, 2m +3, 


“a, = 


m +1, 2m + 2). 


It will be noticed that this arrangement satisfies the conditions laid down 
in section 2. 
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+s 


“~ 


6. Solution forn = m4+2 


In the solution for » =m +1, first insert (2m + 4) between consecutive 
numbers whose sum is 2m +4, and then (2m +5) between those whose 
sum is 2” +5. In each of the arrangements A,,.,,,, 1<7r<m; there is 
only one pair of consecutive numbers whose sum is 2m + 4, except in 
A,.+1, 3 in which there are two, viz., 2, 2m +2, and 3, 2m +1. In this 
case, we insert 2m + 4 between 2 and 2m +2. After (2m + 4) has thus 
been inserted, in each of the arrangements A,,;,,, 2<7<m; except 
Am +1, 5 there is only one pair of consecutive numbers whose sum is 2m + 5. 
In A, +1, 5 there are two, vz., 3, 2m +2; and m,m +5. In this case, 
we insert 2m + 5 eben 3 and 2m +2. InA,,4 4, » 2m + 5 is inserted 
at the end. We thus obtain the first m arrangements in the solution. 
In A,, + 1m +1 We insert 2m + 5 between m, m +2; and 2m +4 between 
1, 2m +1, to get Aywio m+. Finally, we take 


Amiom+2=(1, 2m +3, 2, 2m +2, 3, 2m +4, m+2, m, m +4, 
m+1,m+3, 2m +5,m+5, m—1,m+6, m —2, 
m+, m —3, m +8, --+, 2m, 4, 2m +1). 

Thus from the solution for » = 5, we get the following solution for n = 7. 


A,, , = (I, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15) 


A,, 2 = (I, 3, 5, 12, 7; O11, 18, 1s, 2; 4; & 12 8. 10) 
Ay, 3 = (1, 4: 7; 10) 12, 14. 2: 6. 13, im LL: 35.65. 26. 9) 
As, « = (1, 5, 14, 9 nel 10, 13, 3, 7, 11, 15, 4, 12, 8) 
As. = (1, 6, 11, 5, 10, 14, 4, 13, 9, i: se 3, 8, 2, 7) 
Ae = =(1, 14, sag 2: 10: SS 4S & 18 7, TS: : a ) 
A;, 7 7 = (1, 32. 19) STE TT, Be 8 > 10, 11) 
REFERENCES 
1. Gul Abdulla and Lal Proc. Ind. Acad. Sci., (A), 1939, 9, 103. 
Bhadur 
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1. Introduction 


THE continuous wing accompanying the Rayleigh scattering in liquids, has 
at first been noticed and attributed to the rotation of liquid molecules by 
Raman and Krishnan. Several investigators have subsequently studied this 
phenomenon. Although many experimental facts with regard to the same 
have been established, its true origin is not yet clear. Numerous and varied 
suggestions such as group formation, internal oscillations, hindered rotations, 
etc., have been put forward from time to time with a view to satisfactorily 
account for the observed features. The purpose of the present paper is 
merely to furnish a few more experimental facts, which it is hoped will 
contribute to our forming a correct picture of the mechanism underlying 
this rather complicated phenomenon. 


2. Depolarisation of Different Portions of the Wing 
at Low and High Temperatures 

The exact depolarisation in respect of the wings is a very important 
factor, as this is assumed to be 6/7 for unpolarised incident light in the 
derivation of the various laws relating to the relative proportions of the 
density and orientation scattering and the aggregate intensities, etc. 
Venkateswaran,! Trumpy,? Rousset* and others have obtained the values of 
depolarisation at different portions of the wing, but their results refer mainly 
to the laboratory temperature. Although most of these early investigations 
show that a value of 0-86 for p is generally obtained, there are cases where 
considerably higher as well as lower values have been reported. In the 


1 Phil. Mag., 1932, 14, 258. 
2 Det. Kong. Norske Vid. Sel., 1933, 6, 169. 
3 Thesis presented to University of Paris, 1935. 
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present investigation the depolarisation at different portions of the wing 
in two typical liquids, namely, chloroform and benzene, has been 
obtained, not only at the laboratory temperature, but also at higher 
temperatures. 


The experimental arrangements and. the methods of evaluation are 
already well known and they need not be repeated here. A very narrow 
slit is employed and the wing is recorded through a suitably oriented double- 
image prism. The tubes are specially prepared from thick-walled glass 
so as to withstand high pressures and a suitable electric furnace is employed 
for heating the tube to any desired temperature. Density log-intensity 
curves are obtained by the method of varying slit widths. The convergence 
correction due to the condensing lens used for focussing the light and the 
instrument correction necessitated by the polarisation induced by oblique 
refraction are applied in the usual manner. The results are given in Tables 
I and II. 


TABLE I 


Depolarisation of the Wing in Benzene 




















| 
Av 22 | 44 66 88 110 
—— | a 
pat 30° C...| 0-73 | 0-85 | 0-89 | 0-85 0-89 
pat 165°C...| 0-73 | 0-81 | 0-85 | 0-85 | 0-81 
TABLE II 


Depolarisation of the Wing in Chloroform 





| | | 
Av |} i | 22 33 44 55 





pat 30° C. 4 0-73 | 0-89 | 0-85 | 0-81 | 0-85 





| 
| 
| | 
pat 90°C. ..| 0-73 0-81 | 0-85 | 0-85 0-85 


| | 
Excepting at the point that is nearest to the centre, values which are quite 
close to the theoretically expected one, namely 0-86, have been obtained 
in both cases. ‘This result is not affected by temperature and holds for all 
the regions of the wing. ‘The low value near the centre may be ascribed 
to a possible spreading of the unmodified scattering due to long exposures. 
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3. Depolarisation of Total Scattering at Different Temperatures 


The depolarisation of total scattering in liquids at different tempera- 
tures has been investigated visually by Ramachandra Rao‘ and others prior 
to the discovery of Raman effect. The scattered light observed by them 
includes Raman lines as well. The importance of isolating this portion of 
the scattered light has now been recognised and need not be stressed here. 
Venkateswaran® and a few others have used a spectrograph with a wide slit 
for this purpose but the work has not been extended to high temperatures, 


In the present investigation, the two components are recorded simul- 
taneously on the photographic plate, with the help of a double-image prism. 
Intensity marks are given on the same plate, by the method of varying slit 
widths. The slit of the spectrograph is kept wide enough to include practi- 
cally the whole of the wing accompanying the Rayleigh line. The results 
therefore refer to total scattering inclusive of the wings and exclusive of the 
vibrational Raman scattering. The tube containing the liquid and the 
electric furnace used for heating are the same as those described in an earlier 
section. Results are given in Table III for benzene. 


TABLE III 








| 190 260 





p (Author) . 


p (Rao) 0-44 


— 
Temperature | 30 | 83 120 
| 
| 
0-04 





| | 
0:40 | 0-32 | 0-16 


| 
0-44 | 0-38 | 0:30 | 0-20 | 0-11 
| | 
| 
| 
| 





Results obtained by Ramachandra Rao by the visual method are also given 
for comparison. The argeement is fairly good except at the highest tempe- 
rature. 

4. Distribution of Intensity within the Wings 


The distribution of intensity within the wing has received much atten- 
tion from several investigators. Rousset® has studied the vertical and 
horizontal components separately in some liquids but only at the room 
temperature. The aggregate wing has also been the subject of study by 
a number of investigators. The present author? had already published some 





4 Ind. Jour. Phys., 1927, 2, 179. 
5 Phil. Mag., 1933, 15, 263. 

8 Loe. cit. 

7_ Curr. Sci., 1937, 5, 532. 
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results relating to the effect of temperature on the distribution of intensity 
within the wing, when it is not separated into the horizontal and vertical 
components. The following are amongst the more important results that 
have been obtained. At the higher temperature the extent of the wing does 
not alter. While there is no increase in intensity in the external portions 
of the wing, regions confined between 20 and 30 wave numbers from the 
centre show a marked increase in intensity. 


In the present investigation, the distribution of intensity has been 
determined at the room temperature and high temperature, individually in 
the horizontal and vertical components. With a view to facilitate graphical 
representation, the values obtained at low temperature, are proportionately 
increased. The results are given in Tables IV and V. 


TABLE IV 


Benzene 





I, | ly 





» | 7 | | 
| 22 bids 66 | 88 | 110 22 44 | 66 88 110 





| | | 
| 85-0 | 48-9 | 29-4 | 363 | 182 | 100 | 57-5 | 36-3 
| | 
Cold (30° C.) | 265 129 | 77-5 | 44-6 | 25-7 | 363 | 151 | 87-1 | 52-5 | 28-8 


Hot (165° C.) | 265 | 147 





































TABLE V 
Chloroform 
‘ | I, 
Av x | 
| 12} 22 | 33 | 44 | SOE | 22 | 88 | 44 | CU 
Hot (90° C.)| 106 | 51-1 33-8 | 23-4 8-9 | 145 | 63-1 | 39-8 10-5 
| 
Cold (30° C.)| 106 | 29-5 16-2 | 9-7 6-5 | 145 | 33-1 | | 19-1 | 12-0 | | 
| | 








The temperature dependence of the intensity distribution is shown graphi- 
cally in Figs. 1 and 2 forIy only. The curves for Iy will be similar as it has 
already been shown that I,,/Iy is independent of temperature. The figures 
clearly indicate an increase in the central portion of the wing, relative to the 
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Fic. 1. Choloroform 
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inner and outer portions, with increasing temperature. The result is in 
perfect agreement with the earlier observations of the author. 


5. Discussion of Results 


From the results obtained in the above investigations (refer Figs. 1 and 2) 
the following conclusions may be drawn. 


When conditions are so arranged that the intensity of the outer portions 
of the wing is arbitrarily kept constant, the intensity of the wing in the 
central regions .ucreases. This is to be expected since the increase in tempe- 
rature should result in a greater freedom of rotation for the molecules. This 
is also connected with the fact that the effective anisotropy of the liquid 
molecules increases with increasing temperature. 


The depolarisation values obtained for the total scattering in benzene 
at different temperatures and shown in Table III show gradual 
decrease with increase in temperature. This phenomenon has been observed 
by the earlier investigators who used visual methods and is to be expected 
on account of the fact that the polarised part of the scattering due to fluctua- 
tions in dersity goes on increasing disproportionately to the depolarised 
or the anisotropic part. 


The depolarisation of the wing, which has the limiting value of 0-86 at 


all places, does not alter with temperature. This is merely a consequence 
of random orientation of the scattering centres in a liquid. 


6. Summary 


Different portions of the continuous wings exhibited by chloroform 
and benzene are found to be depolarised to the same extent, namely 0-86, 
both at the room temperatures and high temperatures. Depolarisation of 
the total scattering in benzene diminishes from 0-44 at the room tempe- 
rature to 0-11 at 260°C. The intensity of the central portion of the wing 
increases in these two liquids in both the horizontal and vertical components, 
with increasing temperature relatively to the inner and outer portions. 


The author wishes to express his grateful thanks to Prof. S$. Bhagavantam, 


for his kind interest and valuable guidance during the course of this investi- 
gation. 
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(Communicated by Dr. M. R. Siddiqi) 


IN my earlier paper On an Infinite System of Non-Linear Integral Equations 
communicated to this Academy,* I have shown that the system of equations 


(1) Yn (*) = [Kn (x,t) F, {t;y1' (t), «+++ } dt 


can be solved uniquely by successive approximations such that 2’ y,? is 
convergent for all values of x in a definite interval provided 


(2) {Fy (5 %1, Xa, +++) — Fy (t5 44’, 42’, «++ )P 
<i? = (x; — x;')* 
(3) F,, (¢;0,0,--+-) #0, m:1,2,-+-- 
(4) B12 / Kya (x,t) dt <a 
nil ? " 
(5) z Li K,, (x, t) Fy (t; 0, «+ +) it | <b 


where /,, a and 6 are positive constants independent of x. In this paper we 
shall study the non-linear integro-differential equations 
x 


(6) Vn (x) a | K,, (x, t) Fy [63.91 (t) +++ 31’ (t),-° J dt 


n:1,2--- 
where dashes denote differentiation with respect to the variable ¢. 
Before proceeding to the study of equations (6) we make a few remarks 
on equations (1). It is not difficult to prove that the equations (1) can be 


uniquely solved, if instead of assuming a and b to be independent of x, we 
assume 





* Proc. Ind. Acad. Sci., (A), 1938, 8, 238-42. 
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(4’) a =0(x") a>0 
(5’) b=O(xP) B>O. 
If we have an m-ply infinite system of equations 


(1) nl (8) =f Kal (8, 1) Fe? (8590! yo 5 at (Oy Va 


n =1,2,3,->- 
¥= 1 2, +o 
these can also be solved uniquely by successive approximations when we 
assume conditions similar to (2) to (5) and (4’) and (5’) for every v: 1, 2,---m. 
The truth of these remarks will be evident from our discussion of the equa- 
tions (6) for the case K,, (x, x) = 0. 
We now turn to the equations (6). We shall assume that the kernels 
. se °) , 
K,, (x, ¢) and their derivatives 2 K,, (x, ¢) are continuous for all x and ¢ such 


that 0< t< x < co and that the functions F,, (¢; @,, a,, «++; by, bg, ---) 
are, for all values of x S 0 and all real values of a, a,,--- and b,, b,,--- 
belonging to Hilbert Space, uniformly continuous and satisfy Lipschitz’s 
condition. 


(8) Fa (tsay ee by) —Fa (tse ody) 
<a,?2 (a; — ¢;)? + B,* 2 (¢; — d;)* 
s:1 Pe 
where a,, 8, are positive constants. 

We then apply the method of successive approximations to solve the 
system (6) so that the solutions ¥, (x) as well as their derivatives y,,’ (x) may 
belong to Hilbert Space, that is to say, the series 

(9) 2 {yy (*)P and 2 {yy" (x)}? 
are convergent for all values of x in any finite interval (O, X). If we differen- 
tiate both sides of (6) with respect to x, we have 


(10) Yn (*%) = Ky (%, x) Fy {% 5.91 (%) 0° 391! (%), °°} 
x 
+f SK uO Fallin Oia (Oo Fae 
0 


and we are naturally led to consider two cases according as K,, (x, x) does or 
does not vanish identically for every m. K, (x, t) =sin m (x —#) or 
cos n (x —¢t) are the examples of the two cases. We shall consider them 
separately. 


S. Minakshi Sundaram 


The Case where K,, (x, x) = 0 for every n 
In this case we have the doubly infinite system of equations 
« 
{x (x, t) Fy, {t3 V1 ( ), ede (t), -es}dt 


0 
(11) 1 ‘ 


m) ~ 
on (x) ae if eS (x, t) i {t 21 (t), ail is 341 (t), oe “y dt 
q 0 
where we have put z, (x) =y,," (x) 





Let us suppose that there exists 
constants a, 6, wand v a,b > 0; p, v >O such that 


z i“ . AE. d- y 
1 | f se en 


x 





2 
m) 4 
ne K,,(x, t) F,,(¢; 0,-- va 


x } 
2 f K,,2 (x, t) dt 


x 


= Bt f K,? (x, t) dt 
nil 


0 


co Pa) a 2 
* out f (5, Ke (st) ae 
0 


co d 2 

a a a +4 , 

Ze fG¥ (x ‘)) dt 
v0 J 





Now put 


Ky, (x, t) Fn {ty ~ 2 (t), «+ 52-2 (t), «+ Fede 


(14) 4 





) 29 (2) =f 2K Fatih, 
( 0 
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we shall show that yy,” (x) — Vy (X), 20” (x) —> 2, (x) as m —> co uniformly 
with respect to x, for every such that the series 
(15) 2 y,% and 2 2,2 
are convergent and 
(16) Lim 3 io” — Yn)? = Lim 3 (z,, _ Zn)? a’ 
m—>on=l) Pe ee 


uniformly with respect to x. We have from (14) 


x 
att — 9 = % (x, t) (Fi, {t 5 71 (#), «++ 5 2:™ (#), «+ +} 
0 


— F, 591"-*()3 +++ 5 2:"— 4 (ep at 
so that 


x . + pare 
(17) (gt ® — ya < [Kat (x, t) dt f fan? 2 (ye — ye") 
+ B,2 X (z, — 2,” - 1)*} at. 
Summing from ” = 1 to co, we have 
co x * 
> (yn™ + 1 — Vn")? on an J K,? (x, t) at. fz (vi are Ia - as at 
nl 
x x 
+E Bye f Ky (x, t) dt [EZ (zy — zy - 9 dt 
0 0 


< b x” J S$ {(Vn — Vn™ - sa + (Z_™ as radian a at. 
0 


n: 


~ 


Similarly 


co Se 
Da (2, 2? ZyM)® < b x bd po {(Vn™ ad La _ a + (< — Zn m— 1)2} at. 
0 2:1 


es 
If we put 
(18) Wm +1(*) = * at? — OPP + (2 lg +} — 24)* 
mM: nm: 
we have from the above 
x 
(19) wm +1 (x) < 2b x” [ wm, (t) db. 
0 
Now w, (x) =2 (¥»')? +2 (Zn')? < 2a x, by (12) 


and so by (19) 


x 
Ws (x) < 2b x” J 2a xP dt 
0 


4a bxe+¥+1 
B+1 
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x 
4abie+ti 
9 v iin 
ws (x) < 26% {-pereti 


2a- (2b)? x” +4 +2 Qa- (2b)2- x2 + 1+» 


< 3 as sae PE SEAL 
(+n) (e+2+n)) & +I @ +1 4% +)) 
and generally by induction 
Qa+ (2b)™-1xlm- Vy + +p 


‘ as sa 
(20) “= 4) < Opie +l +24) & +l +e cee ad 
2a xP. (2b x” + x ala 
* 1. 2--- (m — 1) 
since p+l+m—2v+1>l+m—2=m-—1_ if m>1. 
Now we have from (17) 








| Yn” oF Mn” | S J fe, dt. {a,," [z (Hg "dt +Bx* [2 (e,f"- 24”)? db} 
0 0 0 
< a/ bx” | wp (t) dt 
0 


< a xP Qm bb yvm 
aS 

1. 2-+- ™m 
which shows that the series 


co 


Di (y” +1 — Vn") 


m:90 
is absolutely and uniformly convergent in any finite interval (O, X). 
Similarly we deduce that the series 


co 
Zz (2 oe ees 2,*) 
m:0 
is uniformly and absolutely convergent, so that 
(21) lim y,” =y, and Lim z,” =z, 
m—>co m --> > 
exist for every n, uniformly with respect to x. Now let us write 


(22) pRy (x) = 3 (H+? — ym +- E (zm + — Z,)* 
2:1 n:1 
then 
(23) pRo (*) = 7 {(¥n?)® + (2n?)? )} 
<2 F tyn't + (e019 
+ 2 2 {(Vn? — Vn’)? + (2? ae 2y')*} 
n:1 


As in (17) and (18) we have 





so 


fo 


As 
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(24) 4 (yn? —¥n')® + (Zn? — 20) < 2b” ff p- 1Ro (t) dt 
n:l 0 
so that from (23) 


(25) pRo (x) <2 w, (x) +462” [y- Ro (t) dt 
0 


< 4a xt + 4b x” (= (t) dt 
0 


From (25) we prove by induction that 


4b xv +1 (4b x”+1)2 


(26) pRo (x) <4axe $1 + ie 


UT ptl T@Fip@ti+e sd 
9 i e, 
(@e+I)@+1 +r Fl) +1 t+p—2v +i) 
o 4bx7+1 (46 x” + 1)é-1) 


< 4a xp etbx” *h. 
The right side is uniformly bounded in any finite interval (O X) and is inde- 
pendent of p. This proves (15). To prove (16) we must prove that 
(27) lim ,R,», (x) =0 
m—> co 
for all , uniformly with respect to x. As in (17) and (18) we prove, 


x 
(28)  4Rm (x) < 20x [ Rm - 1 (#) dt. 
Now from (26) 
pRo (x) < 4.axt et bx” *? 


x 
oR, (x) < 202 f 4 ate eit? ** at 
0 


x 
< 4a-2b- x” tbr” +" | w dt 
0 
da-Qbxetrtiessx’*? 
+1) 
and generally by induction 


‘ai (26 yt 1)m et bx” +? 


Qe +1)(Htl+v+))---(etl+m—1y +1) 
4a(2bx7+3)" 0, vai 

Era 
which proves (27). That the functions y, (x) and z, (x) are the unique solu- 
tions of (11) can be proved using the same argument as in my earlier paper. 


(29) pRm (*) < 
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The Case where K, (x, x) #0 
Writing (6) and (10) together and putting z, (x) =’, (x), we have 








e > ; 
+ f= K,, (x, t) Fy, {544 ( ), = ; 2, (t) ++} dt 
g 2 
In addition to the hypotheses (8), (12) and (13) we assume that 


(31) Z (K, (x, x) Fy (x 


nu: 


>0, -- 50, --})P < ex? 


> 2K 2 ! 

aa %, %) | 
(32) uae %, %) | <dx 
| 
| 


co 
& B,* K,,* (x, x) 
n:i 


J 
where c, d > 0 and y, 86 >0 and are independent of x. As before write 
Yn° (x) =0 
yn (x) = J Ku (x, t) Fa ft y— 2 (t), +p zy"-2 (0), 
0 
Z,° (x) =0 
2g (x) = K, (x, x) F {4 935%~* («), -* 32 Hey 








x 
Y) ~ 
{ +f io | * (x, t) F,, {t + -1(#), Ee Pde 1 (t) — 


We shall show the existence of unique solutions im kleinen, i.e., for small 
values of x such that 

Val” (X) > Vn (X)5 Zn" (%) > 2 (x) as mM —>oo 
uniformly with respect to x, for every mand that 


(16) Lim Dy (Yn be Yn)? = lim by (2,™ — 2) = 0 


m—>con:l m—>con:1 


uniformly with respect to x. Clearly (16) implies (15) also. We shall briefly 
indicate the proof, omitting the details of calculation as they can be easily 
verified, in view of the preceding discussion. Here again we write 


(34) pR», (x) = Eta? — Yu )® + (an * ? — 25)%} 
mam: 


and then from (33) we will have 





Infinite System of Non-Linear [ntegro-Differential Equations 417 


(35) pRe (x) < bx” f ~Rop-s (t) dt +2d 28 ZRiny (x) +26 x” f pRyp-s (t) at 
0 0 


= 2d x8 5Rm—1 (x) + 36x” f 5Rm—1 (t) dt 
0 


= (2d x8 + 3b x") pRy-1 


pe 
where we have put I = the integral operator / dt. By repeated apllica- 
0 


tion of (35), we have, what may be written symbolically 
(36) pRm (x) < (2d x® + 3b x” I)” pRo. 
Now proceeding as we did in (25) we can show that 


(37) pRo (x) < g (x) + (3d x° + 5b xT), Ro 
p-—l 


< X (3dx® + 5bx” I)” g + (3dx® + Box” I)A, Ry 
yun @ 


where g (x) = 8ax* + 6cx”. From (12) and (31) we can show that 


(38) iR, (x) = = (yn’)? + (Zn’)? <2ex” + Saxe 
It can be shown that, on account of (38), the last term on the right of 
(37) tends to zero, as P —>co, uniformly with respect to x in (O X), provided 
(39) 3dx® <1 
while the wat ‘(3dx8 + 5bx” I)” g(x) remains bounded, so that Ry (x) 


r=0 
is uniformly bounded for ali p. Therefore from (36) we observe 
(40) Lim sR,» (x) = 0 


m—-> CoO 


for all p. 


This shows that when x satisfies (39) 
(41) Lim y,™ (x) = Yxn(x); Lim 2,” (x) =z, (x) 


m—-> co mu —> co 

exist for every 7. 

Also 2 y,2 and & z,2 are convergent. These are the solutions of (30) and 
they can be seen to be unique as before. 


We shall proceed to prove the statements made with regard to the ex- 
pressions (34) and (37). Wewritee=3 dand f = 55 and instead of g (x) we 
take x¥, 8 >0 as this is sufficient for our discussion. 
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(42) |} (x) =(ex® +f x” I)” x9 


= (™) (ex®)”"—* (f x” I)” x? 
r=0 
Now 
od i tie ae 
xix =v [Pdt=x 75 
% pv +041 x2 (v+1)+0 
vJ\2 79 — yv Pees = ere een. eee 
(x7 IP's =0 / o+1 @ (@+1)(0+1 +» +41) 
(x? I)’ 49 —_ deste ; 
“ — (@+1)(0+1+vr41)--(0@+1+r—1y+)) 
xr” (¥+1)4+0 
acon. 


Substituting this in (42) we observe that 


om «awa re Or ere 


alpen r! 
If ex® < 1 we shall show that z Tm (x) is convergent which will prove that 
m:9 

Tm (x) 0 as m—>co. In fact if it is convergent 

co foo) m (m 5\m—r y+i1\r 
(44) Zz tm(x) <2 #2 (7) (ex?) — 

=0 r= : 
co co co 78 v+1)\)r co 

= J 2 =o 2 x (fx 7 ) By (™) (exd)" - 7 


! r 
Oom=r r=0 r: m 


ifexi<1 


In the double series the terms are all positive and the series on the second 
line of (44) is convergent. So we can change the order of summation and 
the series on the right of the Ist line of (44) is convergent. We have only 
to replace x9 by the corresponding expressions in (36) and (37). 








-~ —_- mae oP 
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THE problem is to arrange the numbers 1, 2, 3, ---, upto (2m +1) ina 
circle in » different ways so that no number has the same neighbours in 
different arrangements. We shall call this problem P,. My attention was 
directed to this problem by Dr. Vijayaraghavan. 


In recent issues of these Proceedings the problem has been dealt with 
in special cases by Gul Abdulla, Lal Bahadur, and myself; it was pointed 
out that P,, is soluble when (2n + 1) is a prime; Gupta has developed a 
general method for attacking the problem. We use his method to prove the 
THEOREM. P,,, , is soluble when (2n + 1) is a prime. 

(That the ‘ 10-21’ problem is soluble is the special case n = 10). 


Gupta shows how we can attempt to solve P,,, ;, in case P,, is solved ; 
he shows that P,, , ; also can be solved (when P,, is solved) provided we can 
solve another problem in permutations, whose solution ‘“‘ seems always to 
exist’, but he was unable to give a “ formal proof of this statement ”’. 


Let (a, @, @s, «++, a) denote the arrangement of these natural numbers 
round a circle, in the order indicated. We know that the solution of P,, is 
given by the arrangements A,, (1 < m <n) where A,, is the arrangement 

(1,1 +m, 1 +2m,1 + 3m, ---) 
[the arrangement contains ” numbers; numbers greater than 2” +1 are 
represented by their least positive residues mod (2n + 1)]. 


Let By, (l<m<n +1) denote the different arrangements in the solu- 
tion of P,,,,. We shall show that all these arrangements, except one 
(which we call B,,,,), are obtained from the A,, (1 < m <n) by the intro- 
duction of the 2 numbers (2m +2) and (2m +3) at suitable places in A,, 
(the order of the numbers in an A,, is not disturbed, only at two suitable 
places we insert the two new numbers between the old ones). In this way 
we obtain B,, from A,, for 1 <m<n. We denote by (C) the arrangement 

(C) = (1, 2n, 2, 2n — 1, 3, 2n —2, ---, n,m +1) 
>= (9, 92, 93, 94, +++, Pon — 1, Pon) 


It is clear that (@,= 1, etc.). 
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(1) 6,+ 0,= 0,+0,= 0,+ O,= --> Pon -1+ Pon = 2m + 1 

We take 
By, + 1 = (04, Og, +++, agg — 1, 2% +2, Ogg, 2 +3, 2 + 1), 

i.é., aS we shall put it: B, , , is obtained from (C) by “ inserting ”’ (21 + 2) 
between @,,-, and 6,, [in (C)], and “inserting” (27 +3) and (2 +1) 
after 6,,, {in (C)]. B, is obtained from A, by inserting (27 + 2) and (2n + 3) 
at the end of A,; before proceeding further we must explain our terminology ; 
we shall say that the pair (a, 6) occurs in an arrangement like (d,, d,, «+>, 
dm) when a and 6 are consecutive d’s, i.e, a =d,, b =d,+, for some ¢. 
Further d,, is regarded as also consecutive to d, (since the d’s are supposed 
to be arranged in a circle). Now our @’s (0,=1, 0.=2n, «++, etc., Oy _, 

=n, 0,, =n +1) have been chosen so that each of the pairs (6,, 9), 
(A5, 94), (95, 9%), ete., upto (As, 3, Foz — 2) occurs in exactly one of the arrange- 
ments A,, (2<m <n). The same is true of the pairs (05, 05), (04, 95), etc., 
upto (92, —2, F241), 1-e., each of these pairs “‘occurs’’ exactly once in the 
arrangements A,, (2< m <n). 

To get B,, from A,,, we insert (2m + 2) between (8.,~— 1, 02.) where is 
chosen so that the latter pair “‘occurs’’ in A,,; we also insert (2m +3) 
between the numbers 6@,; and 0; ,,, where / is chosen so that (64, 43) + 1) 
is a pair which occurs in A, It is thus that we get B,, from A,,, for 
2<mM<n. 

The proof is easy and is left to the reader: the arrangements 
B, (L<m<n +1) defined above are a solution of P,, , ,. 

We illustrate the theorem and method by an example, n = 10. 


If, for example, 4 and 7 are neighbours in an arrangement, then 
— 


(1, 4, 7, 10, ---) will mean that 20 is inserted between 4 and 7; a similar 
sign below will mean that 21 is to be inserted between the numbers thus 
connected. 


Then (here the “ bars’ mean nothing ; they merely help to construct 
the remaining B’s). 

Bio = (1, 18, 2, 17, 3, 16, 4, 15, 5, 14, 6, 13, 7, 12, 8, 11, 9, 20, 10, 21, 19). 
The B,, (2<m <9) are simply A,, (2<m< 9) with the connecting signs 
at two places in each B. 


B, = (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21) 


? ‘i i 
*B, = (3, 5, 7, 9, 11, 13, 15, 17, 19, 2, 4, 6, 8, 10, 12, 14, 16, 18, 1) 
aes 


i 
B, = (1, 4, 7, 10, 13, 16, 19, 3, 6, 9, 12, 15, 18, 2, 5, 8, 11, 14, 17) 
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a, 
B, = (1, 5, 9, 13, 17, 2, 6, 10, 14, 18, 3, 7, 11, 15, 19, 4, 8, 12, 16) 
~~” 


; =(L, 6, 11, 16, 2, 7, 12, 17, 3, 8, 13, 18, 4, 9, 14, 19, 5, 10, 15) 
— 


em, 
= (1, 7, 138, 19, 6, 12, 18, 5, 11, 17, 4, 10, 16, 3, 9, 15, 2, 8, 14) 
— 


Poa 
= (1, 8, 15, 3, 10, 17, 5, 12, 19, 7, 14, 2, 9, 16, 4, 11, 18, 6, 13) 
“ay 


smn 
= (1, 9, 17, 6, 14, 3, 11, 19, 8, 16, 5, 13, 2, 10, 18, 7, 15, 4, 12 
Nee 


some, 
= (1, 10, 19, 9, 18, 8, 17, 7, 16, 6, 15, 5, 14, 4, 13, ¢ 
wee” 
* Note, in regard to Bg, that 
(41, 4g, ***, Ay) is the same as (dq, G3, +++, G,, @) 


“e ’ 


on account of the “ circular’’ arrangement. 


In B, to Bg, note that 20 is inserted between a pair of consecutive numbers 
whose sum is 19; 21 ts inserted between a pair of consecutive numbers whose 
sum 1s 20; this remark generalizes to the general case. 

Note added May 15, 1939.— 


Prof. Levi has obtained a remarkably simple solution of P,, for all 7. 
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Introduction 


THE problem of the diffraction of light by supersonic waves has been rigor- 
ously investigated by Raman and Nath in their papers (R.N., IV and V) 
and later by N. S. N. Nath (N.I.). The starting point for the rigorous treat- 
ment is the wave equation for the propagation of a plane wave in a quasi- 
homogeneous medium. Working the solution by the help of fourier analysis, 
the emerging wave is decomposed into a number of orders governed by an 
infinite set of differential equations. Three methods of attack have been 
tried to obtain expressions for the amplitudes of the diffracted orders. The 
first one is the usual method of series and has been adopted by N. S. N. 
Nath (N.I.). He has calculated for the first few orders, the terms occurring 
in the power series, and squared them to obtain expressions for the inten- 
sities of the several orders. The second method of using Bessel-functions 
though implicit in the first, simplifies the solution considerably. This has 
been tried by Van Cittert. The basis of the third method consists in neglect- 
ing higher orders and solving the simultaneous differential equations thus 
obtained. This method has been tried by Van Cittert and recently by N. S. N. 
Nath for the case of normal incidence. The numerical evaluation of the 
intensities of the diffracted orders for the cases of normal and oblique 
incidences is a problem of great interest and the present investigation has 
been undertaken with that object in view. In the present paper, the 
mathematical formalism of the three methods is developed in great detail, 
with an appendix indicating the method followed in simplification, and 
summation processes. In the second part of the paper detailed calculations 
will be published and a discussion of the results on a comparative basis will 
be given. 


Notation 


Ho = Refractive index of the medium in the undisturbed state. 
a = maximum variation of the refractive index from py. 


A = Wave-length of incident light. 
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\* = Wave-length of sound wave. 
vX = Frequency of the sound wave. 


In all the signs of summation ‘2’’, it is understood that all like terms 
are to be counted once only unless it is stated to the contrary. 


1. The Series Method 


The equation governing the propagation of a light wave in a quasi- 

homogeneous medium is given by 
aap fle a Me 2 BED 
vv ( C J dd 

(Here % is the wave-function and p (x, y, z, /) the refractive index of the 
medium, C the velocity of light). This equation after considerable simplifi- 
cation and reduction leads to the following difference-differential equation. 
(Ref. N.1.) 














2 EF — (buna — bats) = Cu te (1 
(%, being the amplitude of the mth diffracted order and C,, =17 p (n® + am) 
where p = oR and ap = —2na sin 4, to the first powers of ¢.) 
The initial intensity being 1, we have 
E | tel? = 1. 
[Ya l? <1. 


We are therefore justified in solving the equation by the help of power series. 


Let us consider equation (1). Putting 


$, = (5) {2 An, + as as in N. I. 


2 In lo 


it is found to lead to the following recurrence relations. 


Ao, a 
n Ano = A,- a 0 
(n + 1) Ay, aa An-1, sy $ C, (2) 


1 2(7 + 1) Aor —{ {A_ 17-1 — A, ,-3} =0 
(” +r+1) An,r+1 — 99 An-ar+s 


1 
+ 4 (n + 1) An+ ir 4 > 1 ¢.. Rie ¢ (for 7 > 1) (2a) 
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An, = A, =-£e> A, -2,0 — 
A,,9 =1 foralln >0. 


(% -r 1) An, rs An-1, or a Ch 


nm An-1,1 —(® —1) An-2,1 =} 


6 1 
2 Ay, : Ao, ee C,. 
On adding, we have 


An, 1 


Aas = 





For 7 = 1, we have from (2 a) 


. 1 ‘ 
(m +2) An,2 —MAn-1,2 + 4 (n +1) An+ o= $C, A 
Multiplying both sides by (7 + 1) we have 


(n +2 


1 
) (nm + 1) An, 2 ~~ Gh} 1) n An-1,2 v 4 An +1, 0 =} 


(n +2 


a 


<a — +h m Ay-1, 2 = 





+ ge die EH Zs 


| : : a4 1 . a 
(SPR 2 4(n +1)  4(m +1) (m +2) Ec_(Zc.,) ; 


For 7 = 2, the difference equation (2 a) becomes 








. l 
(n 2 is 3) An, ae An- 1,3 + 4 (nm + 1) 





Diffraction of Light by Supersonic Waves—T1 42 


l n ) 
“4A(m +1) (n +2) tesla 
1 


1 TS Je Fs 
(n +3) Ay 3—m” A, -y, 3=3C, ee es | ae 
2 i °** C 
8(n +1)(n +2) y ~” 
+1) (nm +2) we get 


Multiplying both sides of the equation by (n 
(n +3) (m +2) (m +1) A, 3 — (wm + 2) (nw +1) 2 A,-1 3 = 
i C, c » (n + 2)) 





—[C-. + (0 + 4) Sp + Cos] + Br, s,4C,C,¢, | 
: | 


b 





all like terms to be written once estes 








| 
| 


(—1)"A-»,3 = 8 (nm + 1) (m +2) (w +3) 





ren ! “ ~ 1 ! “ 4 4 ) 
{— [C+ (m + 4)2C-,+C- en) $278, 4C--C-, Cos | 
1 1 ) 


For ry = 3, we have from (2 a) 


] 
(w» +4) A, 4 —wA,-314 + tin +1) Anyi, 2 = 3 


4) An, ace A, ca 
. ee 


Atm +1)( 4(n 4+: 
(n +1) (n +2) (n+ 3) (n +4) A, 4 —n (nm 
] . ] n+i1 . . 
= Te (n +3) — i6 & ¢..&. 


l ~ ’ x 4 Fr " 4 rl »l 
+ 76 Cn C,C,C, —(C_, + (nm +4) S, + C, 43] 
1 


2) (nm +3) (wn +4) Any 


nti 
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n 


' ; € n +1 
oie) vat f_ a tg Cha $C) +2 (2 cs} 
1 1 
c. 1 Se + 2 (n t 4) Sa - zt, Cr+ h: + 2, 55 ty Me. C, Cc, C, ae 
1 ; 1 
(all like terms are to be written once only) 


+ C_,S, + (n - 
—[2C,C,C,C,]f- 

1 
Consider the expression 


C#_, +C_,S, + (m + 6) Z2C,C, +C,+ 8,4, +2C,C,4, 
1 1 

= C* 1 ss C. Sn + (n + 6) }2C, a 2 C, c,| + Cn+ i(Cy +Ce stad + C,) 
Ll 1 : 


r= 8 


/ 


n 
+ 6) 2'C, Cc, r C,, +1 Sre+ oF aC, C,+ 1 
1 


n 
49 | a x x 
aa , Sa + DC, Cosy 

1 

n = 
4 . P 12 WA 2 | = 
_ o.. +— CW. Len + (n + 6) XC,? + Ct,4 3 sy (” ae ) 2Cy Cy 4 

1 1 


+ (n + 6) 2 Cc, C, + Cr+ 1(Cy +C, 5 dial Cy - 1 + 2 C,). 


=C#.,+(n +6) 2C,? +C%,4,+(8 +7)2C,_,C, +n +6) 2 C,C, 
1 
re 
rT~ ack 


$C..8, +m +> $03 +h EG ++ + +O 


An 4 = 39 (nm + 1) (nm +2) 


i en fo2_ 
16 (w +1) (n +2) (wn +3) ("+ 4)V~ 7? 


+C_, 8, +(e +6) 2G% + C4, +(e + NECC,, 
1 1 
+ (" + 6) 2 cc, + Cy+1(C, +C,+-- + Cn 2 +2:Ca)} 
1 


rsp 


8 
r~s l 





1 n 
T 16 (nm + 1) (m +2) (w +3) (m + 4) 2c, C, Cr Cy. (6) 
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Proceeding as before, we have, 
(n +1) (n + 2) tt i 3) (n + 4) An, 5 
120 Ag 5—} 2(n +4) (wm +2) (m 4-3) Apaa 
1 


+42 Cy An, 4 (+1) (mW +2) (n +3) (n +4) 
1 


1 
= — 35 {es +.C% ~ 640, +¢...): —<, tig 
1 at - . n+i1 
a [C -1+(n +5) Set + Cyt a] + 2 C,C,C,} 
o 1 
= See + 3) (n + 4)C,, 
64 4 


oa sy 2 Cn {crs +C-1S, + (m + 6) 2C, 8, + Cyt a Sy+a + EC Cur} 
+ BR {2C, C, C, C. ; . 
32 1 
Now consider the expression 
C-2+C, +6(C-,+C,) +"C-, $2 (n +5) Sp+a + BBs. 
1 1 


2 (n" 3) (n + 4 
PS et a A 
1 


2 n+1 rk ™ ss 
= (n +5)S.4,= 2 fe + 5) (n +6) , (r +3) (r +4) c} 


0 r=1 a 


n 


“C-2 +C,+6(C-,+C,) +"C_, +3 (n +5) Sp+i +2 Chee 
1 1 
x (m+ 3) (m + 4) C 


i Ww 
1 2 


n n+2 n 
= Cot + OC, +2 +98..4 2G +e eTIe Te 


‘ 0 1 1 - 
m Cig + Cen + Oe, + Cae + {ts et). 1}(Zc,) 
An, 5° (% +1) (m + 2) (nm + 3) (n + 4) 
wo 2 Se¢ecr 
32 * 


l = ‘ n : 
- n att n F 


1 tc, >+2(2C,C,C) +2 (n +6) Cy (EC,S,) +E Me, cles 
1 1 1 


1 
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- n 7 l = 
+ ZC, (2c n C+} a 39 |C-s + Cy+ he 2 (n + 6) (C_ 1 + Cy 1) 
~ [‘* =P + 6) +1] Sy. 


2 





We sball now consider the general equation and effect some simplification 
in its solution. The general difference equation is given by 
in+r)A,,—nA,-1, +; in rae 1)“ An+1,7-2= $ Ce Ap, --1(7 1). (2 a) 
To solve this, we multiply both sides of the equation by 
(n +1) (m+2)---- ("+7 —1). 
*. (m +1) (m + 2)---(m +7) Ay, —n(n +1) (nm + 2)---(n +r —1)A,-,, 
=} (n 4-1) (n +2)---(n+r—-1)C 


(1 7e 1) An+1, o-= 


Let (n + 1) (m +2)--- (+7) A,,, =U,,,. We have then 


T T ae T 1 

Un, Un a a C,, Un, =o t Un+ Rr 2 
. 

Un-1, + kis 


¢ Pim. p— —(n + 2) (n + 3)--- 


T — i 1 
Un-« a 6-2 Ve~2.-—2 Sins 4 Un,--2 


On adding, we have 





“a 





n 
=, BT Le Wy 
Un, = Vor +3 2Cy Un, -- 
1 








U _L(iat+rtt 
ar Pe +1) 


=F(r +1) Ag, 


a 
1 "(n of 1) 4 I'(n m 1) 439g + 1, r-2) 
ys ) I'(n = r) Cy An, r- 


9 


= 


['(n +17) ['(n +r —1) 
I 


1 


I'(n +t 1) Ay + 2; oneal 
4 


(n +r)C,Ay--1 Fin +7 —1) 


2 
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We shall now express the coefficients A ,, , in terms of , rand a, 


n(n + 1) (2m + 1) 





= 1p 

















Tbe 2raabntn bina Aceon SAN 





p2 
8 (mn +1) (n + 2) 


RS vasastnnass w 


n+ 1)*(n +2) +a *! 





-+ ; n(n + yt 





n(n + 1) (2n - 3) (5m — 1) (n +° 


n + 1) (m + 2) (3n + 1) 


1) (2n + 3) (5n —1) 
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2 
2 


- [C- 1 cs ae 


iS) 


21 + 24a + 7a?) 


w 


147 + 120a + 25a?) 


— 


* (627 + 4000 + 6502) 


bo 
Pram 
~ 


i— 
| 


~ (143 + 75 a+ 10a%) 


bo 


, (377 + 168a + 19) 


te 
bo 
— od 


= col 


(2023 + 294 + 77a2) 


wo 


bo 


. wl> 
Co 


ons 
| 


- (3899 + 1440a + 12522) 


Co 


~ (1463 + 1350a + 105a?) 


J] 


- (7889 + 22000 


n + 2) (2n +5) 


+4 n*(m + 1)? (2m? + 2n — 1) +> 


n(n + 1) (2m + 1) (3x? + ie — 1) 


2% (m + 1) (2m + 1) 





1 
8 
1 —_— 
12 
1 
16 


; 
1 


20 


~ oi a 


nal 
bo 


1 


(21 — 24a + Tat) 


147 — 1200 + ie 





p2 4 
20 (627 — 400a + 654 
1p (148 — 75a + 10d’ 


* (377 — 1680 + 199% 





c * (3899 — 14400 +1 


36 — «6 


1 
40 
l 
44 


1463 — 1350a +1 


3 (7889 — 22000 +11 


ee 
1 


(”% (n + 1) (2m + 1) 
a 3 


SI YRS AD PR ROA Ak I oe on 


+o n(n +1))x 


. n* (n + 1)? 








=, 
+ 
os oa “s 








See PN RES PE NLD ARREST R II 


ALISTER EE EO ON 
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Ay,3 = - if, {10 + 6a + p? (1 L +a) 








—— =. { (40 + 20a) + p?(85 + 141a + 792 + + 1503 

ie = = (5 +-45a) + p?(1408 + 1662a + 66402 + 90a°)} 

As =—j a {(266 + 84a) + p* (11440 + 10570a + 330402 + 35028) 
A,3 = — 0 | (532 + 140a) + p® (61490 + 468300 -+ 1205402 + 1050a%)} 
Bas = — goes {(960 + 216a) +- p? (251498 + 163170 + 35742a? + 26462°)| 
fey = — . 2 | (1605 + 315a) + p? (906200 + 475298 + 913080? + 5880a8)} 
Bs c {10 — 6a + p* (1 ~ ay} 

“ae 180 fi {(40 — 20a) + p* (85 — 14a -+ 790% — 154! ) 

Bias = a 760 {CLL p? (1408 — 1662a + 66402 — 90 a?) 
A-ws= | ef {(266 — 84a) + p* (11440 — 105704 + 3304a* — 350 as)! 
ncn a. | (532 — 140a) + p? (61490 — 468300 + 120542 — 1050a8)| 
oe 4 | (960 — 216a) + p* (251498 — 163170a +35742a2 — 2646a° yt 
boo a3 | (1605 — 315a) +p? (906200 — 475298a +-9130802 — 588028) 


The expressions for the amplitudes of the diffracted orders are as below : 


: 2rulL, 
(vn denotes the amplitude of the mth order, € = 1 ‘) : 

2 3 1 p? +a? ‘ 2 (1 + 3a?) 
y=1-5 - ‘ee tig +" a Meh + ip (hs +e g° 
nie 1 | natn : NE a a 

(2304 7680 23040 
0 + p*(120 + 14002) + p*(1 + 10a? + a fn 
P 26. 5040 
_ ] Pa p? (17 + 5a?) fe p* (463 = 970a? +- 63a) 
147456 ° 184320 7. (40320) 


p*(1_ + 150% + 15at +a) op. 
+ ~~~ 97. (40320) ’ ' 
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é ip (1 +a) " if 3 + p?(1 + a)*) . : p{ Gores) +p*(1 a)*) 
few" t 8 4 48 ye - 384 5 
: ‘ / L 2 4 
Ps a L p2(33 + > a )+pt(1 +a) I gs 4 ‘on — 
2(120 + 214a + 13002 + 30a3) + pt (1 + a)s! .* a 
p’ +r re | } 46080 144 ° 
p2(17 + 15a +1 5a?) * p* (463 + 1072a + 956a? + 371a3) oe (1 +a)*} 
180 5040 5040 $97 
_& , ip(5 + 3a) ,, (4 +p? (21 + 24a + 7a?*)) ,, 
"m= G+ 48 i r 384 j§ 
fo $(40 + 20 -14la -+ 79a? + 15a) a 2 
et ee ee Pee ) § 3840 


+ 115 + p? (340 + 320 + 80a2) 
€ : 2 9« 7 € ) ¢ ' 
p* (341 + 7380 + 6040" + 2220° + Bla‘); jena ++ 
P @  ip(I4 + 6a) 4 yl, pr(147 + 1200 + 25a%)) €° 
a ee 384 . (24 120 ) 32 
j84 4 + 36a + p? (627 + 400a + = €* 
\ 720 64 


€7 (21 + p* (2002+ 1470a+280a?) + pt (13013+19910a-+ 11566a?+4-302403+ 301a4) | 
. ( os 50400 —_* } 


— # tp (a + 3) —_— (6 -++ p? (627 + 400a + 65a?)) gs 

re ™ 304 384 i 64-720 j 

_ jy (266 + 84a) + p*(11440 + 105700 + 33040" + 3500%)) py 
’P i 645120 j 


a a & ip (55 + 15a) (1 + p? (286 + 1500 + —_— ? 
5 3840 " 64-720 { 132160 
(1360 + 140a + p? (61490 + 46830a + 1205402 + 105003)) ., 
Py 28.18 —— 
oe ge ip (13 + 3a) gr (8 + p? (5278 + 2352a + 266a?)) ge 
~ 46080 132 160 iT 28(8 ) 


a 


(960 -+216a -}+ p* (251498 +. 155570a +4- 357420? + 2646a%)) ,, 
Pp l 2°19 é + 
rs p (140 + 28a) p, _ 9 + p*(12138-+ 47040 + 4620") 
28/8 


a (5) |n {1 + ip [+4 “7 n] é 


2°.|9 i ee 








Vanegas 


Sn are eR NO IN A My et 


eg OE IL GR GR POI Ay VENT REMI 











GPR 73s Saar caer 





m2 ik (n + 1) (Qn + 1) 


+2[" (n +1) (Qu + 1) (3n4 4- 6n? — 3n +1) 








Paitin ge IO ae 
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| _ p? (nm (2m + 1) (2m + 3) (5m — 1) . : 
‘4 # (n + 1) v9 l 720 + 7g (7 + 1) 
a® . 
+ Gan (an +05] é 
—ip (nm (w-+2) (%+3) n(m-+1)(m+2)(2n+5) | 
8 (n-+-1)(n+2)(" +3) l{ 2 a+ 6 -n + a 


0. s 
6 +5 n(n + 1) | 


6 | 
+ na (n-+- 1)? (2n? + ¢n— 1) 
42 4 


! a* a’ > 


e i0 n (n +. L) (2n + 1) (3n2 -+- 3n — 1) 4- ~ "2 (n 1. 1) | 


4 
, [ru(n +1) (2"+1) a | k (mn + 1) (2m +- 1) (3m? -+ 3m — 1) 
5 | 6 +5 mn +1) 180 


+ <n? (nm + 1)? + -- n (n+ 1) (2n+ |} | lie anata tae 


~ 


E , ip(l —a) 4.  (d+p%(1—a)*) ., . (10 —6a +p? (1 —a)3) 
a ae -- l 48 pr | 384 oe 

(10 + p? (83 — 40a + 15a*) + pt (1 — al) gs 

i 3840 s 
ae 4+ p2(199 — 2 ! 130a2 — 30a? vt aie a 
+ ip 70 30a + p? (120 — 214a + 130a a®) + p*(1 — a) 46080 
(1, (LT — 15a + 150%), pt (463 — 1072a + 9560? — 371 a3) 

© (144 | 180 5040 


ft —ay ¢ 
* "5040S 27 
_& | tp (5 — 3a) (4 +p? (21 —24a + 7a) 
reat Ee ie 
es 
J 3840 


~ ip }(40 — 20a) + p? (85 — 14la + 79a? — 15a’) 


+ {15 + p? (340 — 320a + 80a?) + pt (341 — 738a + 6040? — 22203 + 31at)} 


&8 
46080 
$3 = # i ip (14 — 6a) oe { | “ p? (147 — 120a +25a%)) €5 
= (24 120 S32 
ef ee oe ae 
. { 720 64 
+ &7 (21+ p?(2002—1470a+280a2)+ p4 (13013--19910a-+ 11566a2—3024a3+4301a!) } 
sai oe sf macrmeeee ui 


fees 
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uh é4 1, ip (3 — a) ae, 6 + p*(627 — 400a + | ge 
“oe os 384 i 46080 
_ . ((266 — 84a) + p? (11440 — 105700 + 330402 — —_— ? 
Py 645120 7 
. ip (55 — 15a) ,, (1 +4- p? (286 — 150a + 120a?)) ,, 
¥-5 = sea + 46080 = ( 9216 sé 
(1360 — 140a + p? (61490 — 46830a + 12054a? — 1050a%)) ,, 
=F \ 98. [8 g + 
_ €*  , tp (13 — 3a) gr (8 + p* (5278 — 2352a + —s gs 
¥- 6 = 46080 92160 \ 2%. |8 
(960 — 216% + p? (251498 — 1555700 + 35742a* — 264603) ) ., 
a ip (140 — 28a) ., 9 + p? (12138 — 4704a + 462a?) ) ,, 
yb» a 98, 4 é sy 29. |9 ee 
é  . Pun(n 4-1) (2n +1) a 
pen = "(5 y 5 i i ip | } —Sa(n +1) é 
l _ pn (2n + 1) (2m +3) (5 — 1) os 
Labs | 720 ~ = agin +H) 


+ $n (3n + ” e 
Ho +2) (m +3) | 
— a@ +I) + +3) 5 
ae +2) 0m at 49)! ef n(n +1) (20 +1) 
—* n(n + ‘T 49 [" (m +1) (2m + +1 nt + 6n? — 3n +1) 


3 
a“ 


n? (nm + 1)? (Qn? + 2n —1) + i190 ” +1) (2m + 1) (3n? + 3n — 1) 
2 l 
ER ete 


n* (n+ 1)? +5 n(n +1) (2n+1) |} | &4.. 


2(n+1 


~~ 


2 
a 
4 
on (n +1) | +3" 
[a 4-1) (2n +1) (3n? +3n —1) - 


— Q 


180 


2. Bessel Function Method 
Let us consider equation (1) 


oe (oy - 1 — py + 1) oan C, fp. 


Putting by = Jp +2 ap, ptn Jo+n where Je = Je (€), 
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we have the following recurrence relations 
[Ao 1 = 0, Ao, 2 == @ 
fo nt+1 — 4o,2-1 = — {4+ 4, n —@A-1 x} (13) 


— 
|% +1 — Sp-1,p = Cy 





Lap, ptut1 — 4-1, ptn T4p+1, ptn — 4%, prn-1 =Cp ap, pen (13 a) 
From (13 a), we have, by changing p to p —1,--- 1, and adding, 
P 7} 
As, ptnty1 =Gont+1 — Up+1, ptn +A, FAC, (Ap, ptm): | 
\ 
ms | (14) 
= Go,n-1 — +1, ptn +@-i 4 + 2Cy (Ap, p+n)- } 
1 
—s 4 
Ap, p+1—4p-1, p =Cp 
p. 
Ap, p+ = 2 Cy. (15) 











Pp P 
=2C, 2 C, I = 2'r.8C, C, (where like terms are written once only). 
1 1 1 


P 
Mp p+, = 2 8C,Cy. (16) 





From (14) for” =2 


al (s . han l 
= Ag, ies Apri, p+2 Tau, 2 +2ZC, 1“ Cr Cy 
1 1 


Up, pt j 


- dM 


3 +1 
Op pea = — {C-4 + "3 c,} 4+ 30,0, C,. (17) 
EGS 





(Details regarding summation, etc., are given in the appendix.) 
From (14) form = 3, 


P 
ap, prs = &o,2 + @=,. ieee Ap+1, pts FAC ap, 9+ 3° 


P Pp pti Pp 
= Op pre =EC, CC, Cy — {C21 +C-1E Cp FEC,C, +ECpSprs} (18) 





From (14) form = 4, we have, 


Pp 
Ap pts =—4o,3 + 4-1, 4 — Up+1, pta b2Cp ay, p+s 


. 2 (cs ~ “ N PSA AK +s i] 
[+ (C 1 +C-_,) _ he ." : (C, + SR. +C-s) 5 ris a CCC, ee [c 3 2 ¢, |} 


1 
ae" p 7 Bi 
Bey {Ec, C, Cr Cy — [c-.? +0, £0, +EC,C, + EC, Spr 
1 1 1 i 
Pp 
5 
1 


P 

Up, pts = 2’ ey C, C; C, C, . 
1 

A5 F 
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a [est Bo ban 
+5 c, [2 | +3 c,[ ep Sor1]} n oy Ca +" Fc,} 
1 1 


=EC,C,Cr Cy Cy — {C- +C-34 $o4c¢_,3¢¢,+ 3 6,¢.¢, 
1 1 1 1 
+280, 0, + Beppe [Cr +C, +O pr +2Cy + Cpu] 
1 
a PEC 





(19) 
$ ~~ ot oe WA (a 4 3 z “ ' 2 F 
Ap pre =2C, . ¢. G<. fl 7 ies aa C..4 aC, +C-%2C, ta 


+c 126, ¢¢, + "E e.< c,c,} + \(C-4 +C..) 8). +E Aas 
: 1 


,) +1 
+ (C1 +C_,) ame - {EcpBe,"E Cc, 


P 2 
1 1 1 1 
We have from the equation ; 
Bo nt+1 — 4on-1 = — {41 n — 4-1, nh 


the following relations 


ao, 1 = Q 
Ao, 2 = 0 
“ 
dos = —X, -a 


pape - + a (21) | 
} og = —{(C- 2 +C,3 +(C-, +C-. +C, +C} | 
é 40,6 ~ — {C- : sy Cy} r {(C-, + C,)* r (C2 + C,)° + (C, + C,)3} | 





Bo, -(C,§+C-, m4 + {3 (C,3 + C_ ,3) + (C-.* + C,') 
+ 2(C-,2C, +C-, C,*) + 2 (C,2C, + C_,*C_ ,) 
{ + 3(CYC, +C- 20-4) —{C-,+C-,+C-,+C, +C, +C,} 
In the expression for ao, »,,+,, the leading and the last terms are 
&o, ant+1 = — 9 -* +c. 4 +{ } 





+( — 1) {2 CG}. 
The order of this term for large ” is governed by the first term 
(C * -1 + Cc.” - 1) 
c,™*-* +. Cc ? *- B: on (ip)?* - 1{(] + a)** - 1 + (1 al a)*- 1}. 
= 2 (ip)”"-} {1 + (2m — 1) C, a? + (2m — 1) Cyat +--- +} 
If | a | <1 only one of the terms need be considered. 





The expressions for the amplitudes in terms of Bessel functions have 
been given in a previous paper,* by the author and here the expression for 
~, only will be given ; 
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by ie Jp 7 ip (e (p + a + 1) + 5b (p + ny Jp+i 
2 (p +1) (26 +1 + 2) (2 — Wig, 
: \P p ) (2p + aes 2) (2p + 3) (5p 1) 1. 3 P? (pb +1)* (p +2) 


= H 7 ‘ L... 41 +3 pp +3)] 


y (PIP + Wie + 1) (8p* + 6p* — 3p + 1) 
42 


b 4 P (pb + 1) (26% + 1) +. b (b+ 1) (2p + 1) (3p? + 3p — 1) 
+0 pp + +3 u te +O 4S pp tnt x 


iP (p +1) os (3p*+ 3p— 1) 5 Pp + 1) 


+O pp sien (22) 


3. Closed Expression Method 


We obtain closed expressions for the amplitudes of the diffracted orders, 
by neglecting higher orders. 


The difference-differential equation is 
94 
We — (bn 1 — Yn) = Cn de (1) 


Neglecting higher orders all the first on either side of the central order, we 
have to solve the following simultaneous differential equations. 








9 dy _, L 

ee nt oe 

» Ibo ; 

~ “dé — (fp, — #,) =9} (23) 
i 2 = he = Cah 


» dp dp_, dp, dy 3 hs ap —, at 
a ae a a > = Sand ( 2. = oo 


Fans Gs 


to 
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The boundary conditions of the problem are 
(yp, (0) =O forn «0 
L%,(0) =1. With the further conditions 


diby ce , 
(Fe > = 0 and We )e Dette 


We have 2D—C., |! 0 
-] 2D l 
0 -1 2D-<, 
3 
S, =Z A, er, where 7 (,, 0, 83) are the roots of the equation 
1 
8 Di —4 D7 (C, + C_,) +2 D(2 +C,C_,) — (Cy + C_,) = 9. 
Putting D =7 @, this equation simplifies to 





> @-r19@ e-em . 
6  p + 0; 


4 








whuse roots are now 6,, 0, and 63. 


When p = 1, this equation becomes 


- L + at%\, . 
eee ( 4 ) bie (24 a) 


The roots of this equation are all real. It can easily be seen that one 
of the roots always lies between 0 and 1. 











Ist approximation to the root between 0 and 1. (, + :) 
a 


ri. 
mee a rn ~ a where 1 + a? =X. 


The expressions for the amplitudes 59, 5, and S_, are 


3 . 
Sy =D A, elbeé 
1 





Se Se ee 
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Making use of the boundary conditions, we have 











i] 3 
ZA, =1 
Be 1 
: | 3 

i ZA,6, =0 

} 

| ZA,02 =} =¢ 
i Rly “a 
| Solving for A,, A,, A, from these relations, we have 
Hl ( az > + 8, (oa “ie — 
JA (0, — 8,) (6, — 0,) 5 y, s, t taking the values 1 to 3. 
. A A 4 4 4 
| To find the value of 2 350, om oo where C = C,,0r C-_,. 
x _A, —_ aa 5s 

1 210, acl C (0, = 6,) (05 6,) (22 6, C) 
l 


' D4 9 >; 4 ) 
=- my 0) <1 110, = © c) {24 +0265) (0, — 03) (210, —C) (210, —C)y - 


x ( 2 93) (8, — O3) {C? — 2rC (8, + 93) ed (4 0, 95)} 
; (C2 — 2iC 0, + 0, — 4 6, 5) 
+E 0.0, (8, — 03) (C2 -- 2iC 0, + 0, -- 40, 0.) 
=} {C2 (0, — 03) — 20C 2 (0,2 — 0,7) — 42 0, 03 (0, — 45)} 
y {cz 6, 3 (0. — 93) — 2C2 0. Os (0, me 93") —42 0." 0; (0, x 9s)} 


3 
+ {—(C?/7 (0, — 0) + 2iC 17 (0, — 0,). 28, 
1 
+ 4/7 (0, - O,)- & A 85} 








3 
=I1 (0, — 8)- 2 —C?+2C ZO, + 4F 0, 3 


EL LN CDE OTI TLE LILLE A ODIO CEE LAA PRE 

‘ee ae 
i 
~~ 
— 

= 
= 
xs 

w 

s 


3 4 4 
it 0, = C1 . 1 
1 — 





1? 26,0, = e i 


SS cn ORM are ieee cote 


3 
2—C?4+2Cilt60, +4206, 0; 
1 


- — C? +2¢(“ 5) —(2 +C_,C,) 


= —C?+C(C_-, +C,) —C_,C, 
= 0 when C =C,,0rC-,,. 
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The expressions for amplitudes are as below : 


3 
‘ | id,& 
S,=2A, cif 
1 





2 A 1it9@6 
18, <2 —, 50,8 there A. = ST Us 
1 a gee a where A, (0, — 8) ( 
‘ 2 A, i8, 
(a-s“Sog e, e c. 


I, =|S,|? =Z A? +22A4,<A, cos (6, — 9.) & 


1 


3 
=(ZA,)? —22A,A, (1 — cos 0, — O, €) 


1 


=1—42Z4,A, sin* (* a ") é. 


I, =1—42 A, A, sin* (* . "Dg 
1 “ 


f 
| . A, A, an2 0, = 8, 
i Ee i +a) (20, —1 +a) sin ( 5) )é 
a A, A, 3 (9 —8 
} oma» b 5 ; > P ‘ 
pf* ~ "4 oe i i Cade 
Appendix 


n n n 
Interpretation of expressions of the form YC, 2C,2C, - 
- i i | 
ZC, =§,. 
1 
va (ro as. a 
. C,, i; C, j — 2 C,, Se 


n 


=X7,5C,C, (where like terms are to be written once only) 


nN = 2, C,? — Cee T c.c 
n= 3, C,? + C.? + Cs? +C, C, + OC, + C,C,--- 
n n n n { n ) 
J 4 , 4 . a 4 7 4 Vv 4 x 
2C,2C,2C,, = LC, <2 Cr Sui 
i 1 1 


~F¢,fze,c,} 
1 (1 ) 
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Zr,s,tC,c,¢, 
1 





(for « =1, C,* 

| gee, CF + FO Ne, +C,'C). 

| ww =B, C467 +69 + C20, + C,2C, + CC, + C,2C, 
| +E, +O se, +6, 6,6, 


EC, EC, 2 CyzZC 
1 1 1 


=5c, {icy [Ze, c]f : = DR, C, G&, 
1 1 1 


Fe, 2C,2C, ZC, ZC, =2C,C,C,C,C,. 
1 1 1 1 


1 


Generally, 





n n n n n n 
ZC, Cy TCA Cy > BC =D Ay, Ag, A, Cy, Cy? Cy, 
1 1 1 1 1 1 


(28) 





¥ 


y times 











where the terms under the sign of summation are to be counted once only. 


n 
In the course of the work we require the sums of 2 74 for various values 
1 


of p (p =1, 2, 3, 4, ---8). For this purpose the well-known formula derived 
from Euler's summation formula has been employed. 


fe = a Op Des PO-S2-8 2 


~+i*72 "2 720 

(pb — 1) (b — 2) (2 —3) (6 — 4) 4 

30240 

_ p(p —1) (p — 2) (b — 3) (p ~ He —S(e -9 5-1 (29) 


|8 - 30 


5p (p — 1) (p — 2) (b — 3) (2 — Tie —-5e-OO-Oe-§ 5.4 
66- {10 
_ 891-p(p —1) (p —2) (pb —3) (b —4) i y (p —6) (pb —7) (pb —8) (pb —9) (P—10) 
2730. | 12 
crane K gh-W + .... 
vy,” (n + 1) re _ (nm +1) (2n + 1) ey _(n(nt+ a. 
€ i 9 


, 


1 2 1 6 1 


Ey — 2 (m +1) (2n +1) (3m? + 3n — 1) 
30 
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5 __ m2 (nm + 1)? (2n* + 2n — 1) 
= a 


+1) (2m + 1) (3n* + 6n* — 3n + 1) 
42 


_ n®(n + 1)3(3n* + 6n8 + n* — dn + 2) 
= 24 


= 


( 
15 


n 


2 2 
eo 5 > _ ee 
r3* rE" -S 


_ n(n +1) (2m + 1) (5n® + 1505 + 5n* — 15n* — n? + On — 3) 
90 . 


C, =# p (7? + az) 





6 +2n(n +1} 


x {" (m +1) (2n +1) 








ECA = — pr (et + ar)? = — prZ (x + 2ar3 + a?) 


1 





ae 


m (" (n + 1) (2m +1) (3n? + 3n — 1) 


30 


+5 (nm +1)? +a? nm (m + oe + 0 











=C,3 = — 9p" x (rx? + ar)8 
1 1 
= — ip? {Er¢ + SaBr8 + 3atF rs + airs} 
1 1 1 1 


Mg _ 4g (% (m +1) (2m + 1) (But + 6n® — 3 + 1) 
eam die 42 


2 
+ 4m (n + 1)? (2n?-+2n —1) + to” (n +1) (20 +1) (802+3n —1) 


a® 


+ n¥(n-+1)3} (33) 
rc = ps (ry? + ar)* 


n 


= pt 2 (7® + 4ar? + 6a?r® + 4a% 5 + af r4) 
1 
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(on 4 3 
rC4 =p {50 n (n +1) (2m +1) (3n?+3n —1) +3 n(n +1)%(2n2+2n —1) 


2 
+7 n(n + 1) (2m +1) (3n* + 6n* — 3n + 1) 





4 nt(n +1)2(3nt + 6n? — n? — 4n +2 34 
6 ( 

a we. 2 , $., tar n | 

‘ at Ae OS ee le ee 





2” . C,C, — } (so2 + (3 c,)2 
1 li 1 ) 
he ‘ 
me p* ‘[" (n + _— + 1) 4 . nes 4 1)] 
+ y 213” — 
4 [* (m + 1) (2n +3 (3n? + 3n —1) | ® HA (9 ra 


n(n +1) (2% + 1)]1 
— 





+a? 


=-%5 te 7 [3m (n +1) +2 (2a + 1) 





; jin _ (2a+1)7] , a(n +1) (2n +1) [5 — 
: bg” qu +1)+[1 -| 3 | 180 5n(2n?+3n +1) 
+6 (3n2 + 3n — nj 
p? (a* , a. 
=—% ji9" (nm +1) (m +2) (83a +1) + ° n3(n + 1)®(n + 2) 
, m(m +1) (m +2) (2m +1) (2m + 3) (5n — 1), 
180 
n 2 
Er.sC,C, = —p? er n(n +1) (nm +2) (3m +1) 
1 - 


ais . 9) 1 *(n +1)(m +2) (2%+1) (2% +3) (5" —1) 
+ 6” (nm + 1)2(m +2) 4 : $60 tie } 











C_-,+C,41,+(" +4)S, 


+ = n(n + »]} 


mip {nt 2m 42 RO FNCM TNO TD 4 on nt) (n +4) +na} 
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in (n + 2) (n +3), n(n +1) (n +2) (2n + 5) 
( 2 6 

C., +E C, =ip{] -a+ 


— (a + 1) (m +2) (2 + 3) 


+n +2}. (36) 


+$( +1) +2)} 
a ’ 


a= ip 





(m +1) (m +2) (2m +3) 
6 


(37) 





To find the value of z r,5,¢C, C, C, we make use of the following relation: 
1 
6EC,C,C, = (ZC)? + 22,2 + 3 (EC,) (ZC,4) 
1 1 1 1 1 


62C,C,C, = — tp ‘[* (n + he + 1) + ; n(n + »] 


+2[" + 1) (2% + 1) (3u* + 6n3 — 3n + 1) 
42 
a2 


+ i” (m + 1)? (2n?+ 2n — 1) + 10” (m + 1) (2m + 1) (3n* + 3n — 1) 


a’ 
vz n* (n + 1] 
+3[” (m + a +1) ,a to + » I" (n +1) (2n +1) (3n? +3n —1) 


Per 180 
n +1) (2a + | (38) 


+ Sutin +1)? +02” | 6 





Similarly to find, Zrstyu C,C,C, C,, we use the following relation 
1 
24EC,C,C,C, =(EC,)! +6204 +8203. 2C, +3 (2022 
i 1 1 1 1 1 


+6EC3. (EC,)2. (39) 
1 1 


All the quantities on the R.H.S. being known, the expression can be 
summed up. 


1 + 4a + 6a? + 4a? + af 
257 + 516a + 390a% + 13203 + 17a! 
P*X } 6818 + 92640 + 476402 + 111403 + 98a! 
72354 + 74800a + 29340a2 + 520003 ++ 354a4 
462979 -+ 387292a + 82060a2 + 17700a* + 979a*) 


The values of ZC,,2 C,?, --- are tabulated below for » = 1, 2, 3, 4, --- 
1 1 
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rc z C? 2 C3 
1 a 1 aeons 
ip (1 +a) —pr%(1l +a)? — wp* (1 + a)° 
ip (5 + 3a) p*(5a* + 18a + 17) — ip* (9a* + 5la® + 99a + 65) 
ip (14 +6a) — p*(140* + 72a + 98) - ip? (36a5 + 294a* + 828a + 794) 
ip (30 + 10a) — p? (30a* + 200 a + 354) — ip* (100a* + 1062a* + 3900a + 4890) 
ip (55 + 15a) — p?(55a* + 450a + 979) — ip* (22503 + 29370? + 13275a +20515) 
ip (91 + 21a) — p? (91a? + 882a + 2275) — ip*(441a* + 68250* + 36603a + 67171) 
ip(140 4 4. 28a) — p? (1400 + 1568a -+ 4676) — ip? (754a* + 130280? + 81024a + 184820) 
ip (204 + 36a) — p?(204a? +2592a+ 8772) — ip*(1296a* + 261360? + 1853280 +44694) 
ip (285 + 45a) — p*(385a?+6050a +25333) 
ip (385 + 55a) 
En-C,C, Ent eC, 
1 i 
~ p*(a +1)" — ip*(1 +a)? 
— p* (Ta? + 24a + 21) — 1p*(85 + 14la + 79a? + 15a%) 
- p® (25a? + 120a + 147) — tp*(90a* + hae + 1662a + 1408) 
— p* (65a? + 400a + 627) — ip* (350a’ + 3304a* + 10570a + 11440) 
— p(140a? + 1050a + 2002) — ip? (1050a + 12054a? ++ 46830 ++ 61490) 
p* (2660? + 2352 a+ 5278) — ip? (2646a3 + 357420? + 163170a + 251498) 
— p? (4620? + 47040 + 12138) — ip? (5880a* + 913080? + 472598a -+ 906200) 
— p* (7500? + 86400 + 25194) 
— p* (11550 + 14850 a + 48279) 
— p? (17050? + 24200a + 86779) 
n+1 
Cy+ 2 C, C-y+ Cr+. +(" +4)5S, 
ip(6 + 2a) ip (6a + 10) 
ip (15 + 5a) ip (20a + 40) 
ip (31 + 9a) ip (45a + 115) 
tp (56 + 14a) ip (84a + 266) 
ip (92 + 20a) ip (140a + 532) 


ip (141 + 27a) 
tp (205 + 35a) 
ip (286 + 44a) 
ip (386 + 54a) 
ip (507 + 65a) 


ip (216a + 960) 
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In conclusion, it is my greatest pleasure to record my respectful thanks 
to Professor Sir C. V. Raman for suggesting the present investigation and 
for valuable guidance and criticism in the course of the work. 


Summary 


The three methods (Series, Bessel-function and Closed Expression) 
which have been used for dealing with the problem of the diffraction of light 
by supersonic waves have been worked out in detail and the amplitude 


expressions for the diffracted orders are written im extenso. In the case of 


the third method, the intensity expressions assume a simple form. 
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THE solution of two dimensional potential problems connected with recti- 
linear boundaries has been discussed by me in a number of papers'. ‘The 
boundary condition satisfied by the potential function ¢ is of the form 


oo  F Fr] [= ; “ 
bh 2. f,] wh sai il oy bs * xa tia tsi (1) 
where f, and x, are homogeneous integral polynomials of the nth degree in 
xand y and v denotes the direction of the normal drawn to the boundary. 


If a, is the argument of dz when the pth side of the boundary is described 
in the positive sense by the point whose affix is z (=x + ty), we know? 
that (1) can be put in the form 


Xn+1Sin (n + 1) ay + V¥y41 C08 (m + 1) a, =n [sin ay f, (cos ay, sin ap) 
+ COS ay Xm (COS ag, Sin a,)], 
(p = 1, 2, 3, --+ m), (2) 


m being the number of different sides present in the boundary, and X,, 4, 
Y,, +1 being given by 


; qd#+t : 
Xy+i tt Yass = gai @ +t). (3) 


If the z-area is externally bounded by a polygon the solution of the 
problem is given by the relations 


d. oe : 
ae AH E —&)er-3, (4) 


r=1 


dQ, + 1 ry 
dt =e (¢) TI (¢ = gi.- (2 +1) a, (5) 


r=1 


where, &,, &,--+-&, are the points on the real axis of € in the ¢-plane that 
correspond to the angular points of the z-figure, 7a@,, m@,, +++, 7a, are the 


internal angles at these points, R (¢) is a rational integral function of the 
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[(m +1) m —2(n + 2)]th degree in ¢ with real coefficients, and A, C are 
in general complex constants. 


The object of this paper is to extend the solution given by (4) and (5) to 
some curved boundaries. 


Let the transformation 
z =f (t) (6) 
change an area with curved boundaries in the ¢-plane into a rectilinear area 
in the z-plane, and let us assume that the altered boundary condition is of 
the same form as (1). The problem can be solved for the z-figure with the 
help of (4) and (5). Putting z =/ (¢) in the solution we get the result for the 
corresponding problem with curved boundaries. 


To give an example let us take the motion of liquid contained in a 
cylinder rotating with an angular velocity w. If ~ is the stream function, 
the boundary condition is 


% =} wit’ +aconstant. 
Let 


t=ZA, *, 
0 


where A’s are constants and m is a positive integer. The new boundary 
condition is 


y =1w [2 A, 2*] [2 A,, 2*’] + a constant. (9) 
0 


Both (7) and (9) give rise to boundary conditions in terms of ¢ which are of 
the same form as (1). The solution for the rectilinear boundary in the 
z-plane is given by (4) and (5). These combined with (8) give the result for 
boundaries made up of arcs of a family of orthogonal curves. 
Parabolic Boundaries 

In the simple case of t =2 (10) 
we get x =ptcosta, y =ptsin }a, 
p, a being the polar co-ordinates in the plane. Thus a rectilinear area in 
the z-plane corresponds to one bounded by confocal parabolas in the ¢-plane. 

The boundary condition is now 

yw =4 w (x* + y*)? + 4 constant (11) 

which, with the help of (2) can be written as 


X,sin 4a, + Y, cos 4a, = 12 w. (11-1) 
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Potential Problems Concerning Curved Boundaries 


Area bounded by two Confocal Parabolas 


Let a rectangular area in the z-plane be given by x = +a, y= +6. 
The area in the ¢-plane is bounded by the two confocal parabolas 


p(l + cosa) = 2a, p(l — cosa) = 26, (12) 


the corresponding areas being as shown in Fig. 1. 





























. 4 a 
' ee ke: a 
bE ge 33 
+ = 

3 | 

Ss | P 
q 
B t-plane z-plane 

Fic. 1 

j The boundary condition (11-1) shows that the area in the 2,-plane 
reduces to the point Y, = 12w. Hence 
e Q, = 12iw. (13) 
4, 


If Q,, is the value of the Q, for a rotating rectangular cylinder in the z-plane, 
the boundary condition in this case is 

fy = 4 w (x* + y*) + a constant, (14) 
and it is obvious an addition of this to (11) leaves (11-1) unaltered. Hence 


Q, can contain a term of the type-H, 249. That the constant H, is finite or 
zero will be determined from the boundary condition (11). 


erento 


Integrating (13) thrice in succession we get 
Q, = iw +C,2 + Cz +C. (15) 
From (11) and (14) we get at an angular point in the z-plane 
Q, =X, + 1Y,=2 0(? + y/") (vy + 1x), 
Qig = X19 + 1Vio=y + ix,$ 
and hence 


[2 w (a? + y*) — Hy] (y + ix) = 2iw +C, 2 +C,2 +Cz. (16 -2) 
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This condition at the four angular points P, Q, R, S, gives C,; =0, C3; =0. 


Thus H, = 4w (a? + 8), C, = — 4tw (a? — 8), 


d 4+-ip = hiw2 — 2 w (a? — B) 2 4+ 4 w (a + B) Q,. (17) 
But we know that 
= 1)* . 7m 2} lh 
ay ye 2 ( ‘ : , 
as da “ & y= (2n +1)* cosh in (18) 
Hence 
y =} wp* cos 2a + a cos a 


‘ “(—1)" cosh {3 (20 + 1) p? cos } a}/b 
<r ee (; ) E las 2n + a cosh {} (2n +1 za}/b 


os cos (*" — p? sin 3 as | 


a result which has been laboriously obtained by Ferrers.* 


Area bounded by four Confocal Parabolas 


If, instead of taking the centre of the z-figure as the origin, we take 
any other point as the origin, we get the corresponding area in the z-plane 
bounded by four confocal parabolas. The corresponding result can be 
written down with the help of (15) and (18). In the particular case when 
the origin coincides with one of the angular points the area in the é-plane 
is bounded by two confocal parabolas and the initial line. 


Area bounded by three Confocal Parabolas 


In this case we take a triangle in the z-plane. For an isosceles triangle 
(5) gives 
: dQ, A.g? +A,f +A, ; (20) 
aq (¢-é 1 ¢~- tra —ty™ 5 
From (11-1) we see that the zeros of R (€) in general coincide with £,. The 
simplest case occurs when a, = }, and now we get 


dQ, se Cc (21-1) 
aoc —enF ce —ePe — 89)! 


dz A 
dt 


(¢ ~é,)' (¢ — &2)° at ~ é,)* 
which shows that 2, =Cz +D. 


The corresponding areas are shown shaded in Fig. 2. 





» 


Potential Problems Concerning Curved Boundaries 








{2,-plane 


IT 
OS, = 12w, MQ,=12w Sec “~ 


Fig. 2 
Taking Q in the z-plane as the origin we get 


l2w T ail 
~~ cot i0’ D = — 12tw sec 5 


Integrating (22) thrice in succession we have 


C = 


Ww 7 : ae as ' é 
Q, = = } 1 cot 10 2 aie 21w sec 52 as L Cc, a” — C, 4 Cc. o H,Qyre. (23) 
( ‘ 


Using (16-1) we can get the constants C,, C,, C3, Hy. 
The corresponding ¢-figure is bounded by a parabola and the radii a = 
om 
+E 
we get a space in the ¢-plane bounded by three confocal parabolas. The 
drawback with (23) is that 2,) not known. In the following cases 21, is 
known‘, and we know that (13) can be always integrated®. In all these 
cases we shall put €, = — 1, &, =0, €; = 1. 


By shifting the origin in the z-plane to a point inside the triangle 


Isosceles Triangle containing an angle of 45° 


In this case 
dQ, _ m3 dz A 
ae ae 


and the areas that correspond are shown shaded in Fig. < 

















§2,-plane 
OQ, = OS, = 12w 
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By considering the increment in 2, as € passes through the vertex 
P or R we get 
_ 24w 1 C = 
2, = - log oe 12tw. 
Also, if R is taken as the origin and RP as the x-axis, we get 
C =P (2) [P* (2) — 1-3, 
the angular points being (2, 0) (w,, w,), (0, 0) and w, being w, the real 
half period. 
Equilateral triangle 
Now 
dQ, | Cc 
d ail 1 
. 6fte@-? 
az A 
d :* 
f e@-y! 
and the areas that correspond are shown shaded in Fig. 4. In this 
P,S,Q, is also an equilateral triangle. 
R, 
Y. 








“| 


' 


QQ,-plane z-plane 
Fie. 4 


If Q is taken as the origin and QP as the Y-axis, 
94 
°= FQ)’ 
the angular points being (0, 2w,/ 73), (0, 0), (wy, w,/ V3). 
Thus we get in the usual notation for elliptic functions 
1I8V3w, 


Q,=- (1 — $s 73) ¢ (z) — 240m. 
M1 





Potential Problems Concerning Curved Boundaries 


Isosceles triangle containing an angle of 120° 
aQ, Cc 


a@ de —v!t 
az A 


1 5 
al ' (¢2 dis 1)* 
and the areas that correspond are shown shaded in Fig. 5. P,Q,R, is an 
equilateral triangle. 














t-plane 
OS, = 12w, OQ, = 24m 


Fie. 5 


If R is taken as the origin and RP as the x-axis, 


a eo 
(x = i ” (2), 
the angular points are (2 wy, 0), (w,, w,/ 73), (0, 0), and 
9 (z) FP? (C2, +D) =1, 


the constants C and D being determined from Fig. 5. 
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Erratum 


Vol. LX, No. 4, April 1939 


Page 324, line 8 (from top)— 


Read “'1-5D” for “1-5”. 














ERRATA* 
RAMAN SPECTRA OF TERPENES 


By W. Rocie ANGUS 
(Vol. VIII, No. 5, Section A, pp. 529 to 565, of Proc. Ind. Acad. Sci.) 


p, 534, last line ee .. For ‘* A1:8-m-Menthadlene” read “‘ A.1:8-m-Menthadiere ” 


p. 537, line 13 as .. Insert “ring” after ‘‘ cyclobutane ” 


p. 538, last line a > sneawe'*.* 


“ 


after ‘“‘standpoint ” 


Table I, pp. 544-545 


Geraniol .. we -- Insert ‘* 1338(2)” 

Citronellol (56) es .- For ‘1295(fl)” read “ 1295(f3)” 
a-Citral .. ‘ .- Delete ‘* 298(2)” 

Citronella] (8) a .- Insert ‘‘298(2)” and “‘ 433(2)” 


Table II, pp. 546-547 


Limonene (7) oe -. For ‘*(409,1)” read ‘*‘(490)(1)” 

A?-m-Menthene oo Bor “22efy* read ‘‘ 222(f)” 

A}-p-Menthene (23) .. For ‘*784(an3)” read ‘‘ 784 3)” 
799 799 } — 


Al-p-Menthene (50) .. For ‘* 834(m)” read ‘‘ 864(m)”’ 
Table II, pp. 548-549 

Limonene (43) a .. Insert “ 1043(2b)” 

A?-m-Menthene ee -+ Insert * 1038(f) ”’ 


A\}.p-Menthene (50) -. For ‘°1313(aF) ) ” read ‘‘1313(aF)”’ 
1374(aF) } “ 1374(aF)”” 


For ‘* 1429(F) read ‘‘ 1429(F)) ” 
1462(m)” 1462(m) | 


Table III, pp, 550-551 


a-Terpineo] (54) ee -. Below ‘‘546(3)”"’ insert ‘* 568(4d)” 


Tso-Pulegyl Formate ». For ‘*237(f1)” read ‘‘237(f2)” 


For ‘* 925(1)” read ‘* 925(f 1)” 
Por ‘* 939(1)”” read “‘ 939(f1)”’ 
Carvomenthol es -. For ‘°512(f2)” read ‘* 513(f£2)” 


Footnote, p.5£0 & p.552  .. For “ a-and b-terpineols” read ‘*‘ q- and f-terpineols ” 





* These corrections have been sent in by the author to whom, unfortunately, the proofs of the 
paper as originally printed could not te sent owing to the necessity for its speedy publication. 





Table III, pp, 552-553 


a-Terpineol (54) 
a-Terpineol (4) 


a-Terpineol (47) 
Iso-Pulegol 
Menthol 


1 : 8-Cineol 


Table IV, pp. 554-555 


Carvone (4) 


Carvone (19) 


Carvotanacetone 


Carvenone 


Table V, p. 556 


Sabinene (54) 


B-Thujone (19) 


Table VI, p.557 


A®-Carene (27) Fr. 19 


A4-Carene 


Table VII (A), pp. 558-559 


a-Pinene (11) 
a-Pinene (5) 

a-Pinene (27) 
a-Pinene (57) 


a-Pinene(65) 


B-Pinene (43) 


ii 


For ‘* 2961(3)” 


For ‘* 1301 
1315 
For ‘* 1432 ) 
1452 | 
1467 
For “1078 ) 
1145 | | 
For ‘‘ 1235(an 4)” 
For ‘* 1000(f£4)” 
For ** 1166(6)”’ 


Insert *‘175(£2)”’ 
For “403(f1)” 
For ‘* 531(f1)”’ 
For “ 628(£3)”? 
For ‘* 538(f1)” 
For ‘‘ 679 (1)”’ 
Delete ‘* 2961(3)”’ 


For “ 634(1)”’ 
For ‘ 11214(1d)”’ 
For “‘325(£9) ” 


For “1446 
1471(£13) ” 


For ‘*20(an3)*’ 
For “1397(2)”” 


Insert ‘* 994(4)” 
For ‘‘ 2921” 
For ‘* 304(ab2)”’ 
For ‘‘ 1381’ 
For ‘ 620(1)” 
Insert ‘* 666(4)”’ 
For “ 9490)” 
For **2918(6b) ” 


For “918 
931(2b)”’ 


For ‘* 949(2b)’* 


| BS)” 
j | ) 


(B8)” 


3sb)” 


read ‘‘2966(3 
read ‘‘ 1301 ) 
1315 | 
read ‘‘ 1432 
1452 
1467 J 
read ‘‘ 1078(2 


read 
read 


read 


read 
read 
read 
read 


read 


read 


read 


read 


read 


read 


read 


read 
read 
read 


read 


read 
read 


read 


read 


“ 1145(; 


** 1235(an 5)” 


1000(f1)” 


“ 1166(3 


“ 403(£2)” 
“ 531(f2)” 
“ 638(£3) ” 
“ 536(f1)” 


“ 679(2) 


“* 634(3d) ” 
“1214(1d)” 
“* 625(£9) ” 


“1446 ) 
1471 j 


*“820(ar 
**1379(2 


“2931.” 
**304(an 
**1381(2 
 (620)(1 


“ 949(3) 

“9917(6 

“918 ) 
923 j 





yf? 
(B4)” 
(B8)”. 
hi 


3sb) ” 


\” 





2” 


(£13) ° 





13) ”’ 


” i 
é 
i 

2)” H 

as 

hag 

b)”’ : 

2b)” 


“ 949(1b)” 




















Table VII (B), pp. 560-561 


Myrtenol 


Myrtanol 


Iso-Myrtany] Acetate .. 


Myrtenal 


Verbenone (31) 


Myrtenilidene Acctore 


Table VIII, pp. 562-563 


Iso- Borny] Formate 


Iso-Borny] Acetate 


Iso-Borny! Propionate 


3ornyl Butyrate 
Iso-Bornyl] Butyrate 


Camphenilone 
Camphor (12) 
Camphor (19) 
Table VIII, pp. 564-565 
Camphor (64) 





For ‘‘ 145l(anl0) ” 
For “ 857(an3)” 


For “ 938” 


For “ 661(f3) 
678’° 
Insert “ 840(n6)” and 
For ‘‘ 117(B4) 
134” 
For ‘ 142(B2) 
161” 


For “1248 ) 


1216 j (BI75)” 


For ‘‘ 947(B5) 


971” 

For “1170(B8) 
1293 ” 

For “ 1243(B4)” 
1260 


Insert ‘* 368(f£1)” 

For “ 1238(B2) 
1258 ” 

For ‘ 1249(f)”’ 

For ‘1221 ) 
1232 j 

For “ 893(Bl)” 
923 


ae 


(B3) ” 


For “ 504(f1)” 
For “* 139(1)” 
Insert “‘ 1020(f1)” 


For “ 2838(3)” 





read “*1451(anl2)"" 
read “* 857(an8)” 
read ‘‘ 937”? 


read ‘ 661 ) 


678 5 (f3)” 


“ 1263(n3) ” 


read “117 ) = 

134 j (B4) 

d *‘142 vr 
rea = (B2) 

read ‘* 1248) 


1267 5 (BI5)” 


read ‘‘ 947 
971 
read “1170 ) = 
1293 | (B8) 
read *‘ 1243 ) 
1260 J 


| (BB)” 
j ¢ ) 


(B4) ” 


read ‘** 1238 a 
1258 { (B2) 


read “* 1249(f3)°’ 


read ‘‘ ms } (B2) ” 


read ‘* 893 ) 
923 j 


read ‘* 534(f1)” 
read ‘‘ 169(1)” 


(Bl) ” 


read ‘‘2868(3) ” 


tM cat ee 








